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Abstract 

A finite-dimensional complex space with indefinite scalar product [•, •] having v~ = 2 negative squares 
and v+>2 positive ones is considered. The paper presents a classification of operators that are normal 
with respect to this product. It relates to the paper |I], where the similar classification was obtained by 
Gohberg and Reichstein for the case v = min{v-, v+} = 1. 


1 Introduction 

Consider a complex linear space C n with an indefinite scalar product [• , •]. By definition, the latter is a 
nondegenerate sesquilinear Hermitian form. If the ordinary scalar product (• , •) is fixed, then there exists 
a nondegenerate Hermitian operator H such that [x,y] = ( Hx, y ) Vx,y £ C n . If A is a linear operator 
(A : C n —> C n ), then the H-adjoint of A (denoted by A*l) is defined by the identity [A^x,y\ = [x,Ay] 
(hence A*1 = H~ 1 A*H). An operator N is called H-normal if AWW = N^N, an operator U is called 
H-unitary if Ut/D = / where I is the identity transformation. 

Let V be a nontrivial subspace of C n . V is called neutral if [x,y\ = 0 for all x, y G V. In this case we 
may write [U, V] = 0. V is called nondegenerate if from x £ V and \/y £ V [x, y] = 0 it follows that x = 0. 
The subspace I/D] is defined as the set of all vectors x £ C n : [x,y] =0 Vy £ V. If V is nondegenerate, 
then I/Dl j s a l so nondegenerate and V -j-I/Dl = (j n 

A linear operator A acting in C n is called decomposable if there exists a nondegenerate subspace V C C n 
such that both V and I/D] are invariant for A. Then A is the orthogonal sum of A\ = A\y and A 2 = A|y[x]. 
Since the conditions A I/D] c I/D] an d A^V C V are equivalent, an operator A is decomposable if there 
exists a nondegenerate subspace V which is invariant both for A and AT 

Pairs of matrices {Ai,7Li} and where Hi and H- 2 are Hermitian, are called unitarily similar if 

A 2 = T~ l A\T , H 2 = T*H\T for some invertible T; in case when Hi = H 2 they are Hi-unitarily similar. 

Throughout what follows by a rank of a space we mean v = min{u_, where V- (u+) is the number of 
negative (positive) squares of the quadratic form [x,x], or (it is the same) the number of negative (positive) 
eigenvalues of the operator H. Note that without loss of generality it can be assumed that v- < f+ (otherwise 
H can be replaced by — H; the latter (invertible and Hermitian operator) has opposite eigenvalues). 

Our aim is to obtain a complete classification for H-normal operators acting in the space C n of rank 2, 
i.e., to find a set of canonical forms such that any H-normal operator could be reduced to one and only one 
of these forms. This means that for any invertible Hermitian matrix H with v = 2 and for any H-normal 
matrix N we must point out one and only one of the canonical pairs of matrices { N , H} such that the pair 
{N, H} is unitarily similar to {N,H}. 

Since any H-normal operator N : C n —* C n is an orthogonal sum of H-normal operators each of 
which has one or two distinct eigenvalues (Lemma 1 from [J), it is sufficient to solve our problem only for 
indecomposable operators having one or two distinct eigenvalues. 
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Thus, in this paper we consider only indecomposable operators having one or two distinct eigenvalues 
and assume that 2 = V- < v+. 

Finally let us introduce some notation. Denote the identity matrix of order r x r by I r , the r x r matrix 
with l’s on the secondary diagonal and zeros elsewhere by D r , and a block diagonal matrix with A , B , .. 

C diagonal blocks by A ® B © ... ® C: 



( 1 



( ° 


Ir = 



, D r = 




V 0 

1 ) 


l 1 

0 / 


A® B i 


) C = 


/ A 


V 0 


B 


0 1 

C 
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2 Some Properties of Indecomposable //-normal Operators 

The results of this section hold for any finite-dimensional space with indefinite scalar product. 


Proposition 2.1 Let an indecomposable H-normal operator N acting in C n (n > 1 ) have the only eigen¬ 
value X; then there exists a decomposition of C n into a direct sum of subspaces 


S 0 = {x e C n : (N- XI)x = (7V W - A I)x = 0}, 


(1) 


S, Si such that 


N = 


II 

* * \ 


/ 0 

0 

I \ 

0 

Ni * I 

, H = 

° 

Hi 

0 

V 0 

11 

0 


V / 

0 

0 / 


( 2 ) 


where N' : So —> So, N± : S —> S, N" : Si —> Si, the internal operator Ni is Hi-normal, and the pair 
is determined up to the unitary similarity. 


Proof: Since N and commute, the subspace Sq defined by Q is nontrivial. For N to be indecomposable 
So must be neutral. Indeed, otherwise 3v G So ■ Nv = Xv, AfW = Xv, [v,v] ^ 0, therefore, V = span{v} 
is a nondegenerate subspace that is invariant both for N and JVM, hence, N is decomposable. Thus, So is 
neutral. Let us take advantage of the following well-known result: for any neutral subspace V\ C C n there 
exists a subspace V 2 (V\ fl V 2 = {0}j such that 


H \(V!+V 2 ) ~ 




(3) 


Therefore, for So there exists a neutral subspace Si such that has form ©. Since the subspace 

(S 0 +S 1 ) is nondegenerate, the subspace S = (So+Si/- 1 ! is also nondegenerate and C n = So+S-i-Si. As 
\/v £ C n (N — XI)v £ S' ±] and — XI)v £ S^, the matrices N and H has form (0 with respect to the 
decomposition C n = So+S-i-Si. Since N is //-normal, the internal operator Ni is i/i-normal. 
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It is seen that only the subspace So is fixed; S and Si may change. However, the pair {iVi, H±} is unique 
in a sense, namely, it is determined up to the unitary similarity. Indeed, any transformation T such that 
TSq C Sq has the form 


Since 



/ Tl 

t 2 

t 3 

T = 

° 

t 4 

To 


V o 

To 

t 7 


( o 

0 

I 

H = 

° 

Hi 

0 


V / 

0 

0 


from condition H = T*HT it follows that Tq = 0, Hi = TfHiT^. As N = T 1 NT, Ni = T 4 1 NiT± so that 
the pair {Ni,Hi} is unitarily similar to {Ni,Hi}, Q.E.D. 

Remark: the decomposition C n = Sq+S+Si was constructed in [Tj, section 6 so that the first part of 
this statement is borrowed from Tj. 

Corollary: to go over from one decomposition C n = Sq+S+Si to another by means of a transformation 
T it is necessary that T would be block triangular with respect to both decompositions. 


Theorem 2.2 If an H-normal operator N acting in a space C n of rank k > 1 is indecomposable, then either 
(A) or (B) holds: 

(A) N has two eigenvalues and n = 2k; 

(B) N has one eigenvalue and 2k < n < 4k. 

Proof: First show that n > 2k. Indeed, n = v- + v+ > 2 min{v-,v+} = 2k. Now prove (A). Let N have 
two distinct eigenvalues. Then, according to Lemma 1 form [J, C n is a direct sum of two neutral subspaces 
of the same dimension m which are invariant for N and iVM. Since in a space with indefinite scalar product 
no neutral space can be of dimension more than rank of a space, m < k and n < 2k. But it is established 
before that n > 2k. Hence, n = 2k and the proof of (A) is completed. 

Now prove (B), i.e., show that if N has one eigenvalue, then n < 4k. For k = 1 the proof is given in 
Theorem 1, |T]. Suppose inductively that for all * < k the size of indecomposable operators having one 
eigenvalue is not more than 4 i x 4 i. Let = k + 1, v+ > V-, N have the only eigenvalue A. According 
to Proposition 1, one can assume that the matrices N and H has form 0. Let N\ = N[ 1] © ... © N[ p) 
be a decomposition of the internal operator N\ into an orthogonal sum of indecomposable operators, H\ = 
® ... ® , S = S ^ ® ... ® S^ be the corresponding decompositions of Hi and S. Let be the 

number of negative eigenvalues of (i = 1,.. .p). If dim So = s, then = k + 1 — s. Let 

h[= J2 H i ] ’ H "= E 

V C*)>0 ^CO—q 


Then Hi = H[ ® H", Ni = N[ ® N”, where N[, N[' are the corresponding sums of operators . Since for 
any i = 1,.. .p rank of the subspace s[ 1 ^ is not more than v_ , v_ < k (because k + 1 — s < k), and the size 
of an indecomposable operator in a space of rank 0 is equal to 1, by the inductive hipothesis dimS W < 4v^_\ 
hence dimS' < 4 (k + 1 — s). Since H" has only positive eigenvalues, N[' is a usual normal operator having 
one eigenvalue A, therefore, N " = XI so that 


/ 

XI 

* 

Mi 

* ^ 


/ 

XI 

* 

m 2 

* 

\ 


0 

N[ 

0 

* 

, N [ * ] = 


0 

N'M 

0 

* 


0 

0 

XI 

* 


0 

0 

XI 

* 


V 

0 

0 

0 

XI ) 


V 

0 

0 

0 

XI 

/ 
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If dim S" = r > 2s, then the system 

MiX = 0 

m 2 x = 0 

has a nontrivial solution X = (cci,... ,x r ) T (where Y T is Y transposed). Therefore, there exists a nonzero 
vector v = i x i w i ( w i are the basis vectors of S") that satisfies the condition ( N—XI)v = (N^-XI)v = 0, 
i.e., v £ Sq. But Sq D S = {0}. This contradiction proves that dim S" < 2s. Thus, n = 2 dim S 3 + dim S' + 
dim S" < 2s + 4 (k + 1 — s) + 2s = 4 (k + 1), Q.E.D. 

Since an indecomposable operator cannot have more than two eigenvalues (Lemma 1, pQ), either (A) or 
(B) is true so that the proof of the theorem is completed. 


3 The Classification of Indecomposable i7-normal Operators 


The principal aim of this paper is to prove the following result: 

Theorem 3.1 If an indecomposable H-normal operator N (N : C n —> C n ) acts in a space with indefinite 
scalar product with V- = 2 negative squares and > 2 positive ones, then 4 < n < 8 and the pair { N , H} is 
unitarily similar to one and only one of canonical pairs { 0'Ef} " { The choice of the particular 

canonical form is determined as follows. 

If N has two distinct eigenvalues Ai, \ 2 , then {N,H} is unitarily similar to { 

/ Ai 1 0 0 \ 

0 

A 2 


N = 


\ 


1 

Ai 

0 

0 


0 

0 

0 

A 2 


x £ C, 




for x 0 


Tm {Ai — A 2 } > 0 
lZe{\\ — A 2 } > 0 


if lm{\i - A 2 } ^ 0, 
otherwise. 


H = 


(4) 

(5) 


0 I 2 
I 2 0 

If N has one eigenvalue A, dim Sq = 1, the internal operator N\ is indecomposable, and n = 4, then {N, H} 
is unitarily similar to { 0} ■ 

ir 2 z \ 

0 


N = 


/ A 
0 
0 
V 0 


ir 1 
z 

A 

0 


z 

A 


|^| = 1, ri,r 2 £ 5R, 


( 6 ) 




H = D 4 . (7) 

If N has one eigenvalue X, dim Sq = 1, A^i is indecomposable, and n = 5, then {N,H} is unitarily similar 
to one and only one of pairs {©-HI}. {UB-UB}: 


N = 


N = 


( A 
0 
0 
0 
V 0 


/ A 
0 
0 
0 
V 0 

1 

A 
0 
0 
0 


0 

1 

A 

0 

0 


0 

ir\ 

1 

A 

0 


—2r\ 


ir3 \ 
- ir 2 
2ir± 

1 

A 


, n,r2,r 3 £ 3It, 


( 8 ) 


0 

A 

0 

0 


0 

n 

z 

X 

0 


ir 3 \ 

—2z‘ 2 r\lm 2 z + ir 2 z 2 
—2ir\z 2 Imz 

v2 


2 : 

A 


M = 1 , z^i, 
0 < arg z < tt, 
ri,r 2 ,r 3 £ 3?, 


(9) 


/ 











N = 


l A 1 0 0 r 3 \ 

0 A i r± 2 r 2 + ir 2 

0 0 A * 2ir\ 

0 0 0 A -1 

\ 0 0 0 0 A ) 

H = D 5 . 


, n,r 2 ,r 3 G 3?, 


( 10 ) 


( 11 ) 


If N has one eigenvalue A, dim. Sq = 1, N\ is decomposable, and n — 4, then {N,H} is unitarily similar to 
one and only one of pairs { d). 02|)}, {UBS) , {PTD.CSDl- 


N = 


/ A 1 0 0 A 

0 A 0 z 

0 0 A 0 

\ 0 0 0 A / 


, M = 1, 


N = 


N = 


/All 0 A 

0 A 0 2 

0 0 A (1 + ir)z 

\ 0 0 0 A ) 

( A 1 -1 0 A 

0 A 0 2 

0 0 A —(1 + ir)z 

\ 0 0 0 A 

H = L> 4 - 


, \z\ = 1, r £ 3ft > 0, 


, |;z| = 1, r G 3? > 0, 


( 12 ) 


(13) 


(14) 


(15) 


If N has one eigenvalue A, dim Sq = 1, Ni is decomposable, and n = 5, then {N,H} is unitarily similar to 

( A 1 0 \r'\ + ir 2 0 \ 

0 A 0 ^ 0 

0 0 A 0 


N = 


0 0 0 
\ o o o 


A 

0 


r i 
z 2 

A 

H = D s . 


, | z | = 1, r\,r 2 G 3?, n > 0, 


(16) 


(17) 


If N has one eigenvalue A, dim Sq = 4, N\ is decomposable, and n = 6, then {N,H} is unitarily similar to 
one and only one of pairs 1 H3) } ; 1 rnh) . $HK) \: 



( A 

1 

2iri 

0 

0 



0 ^ 




0 

A 

1 

ir\ 

0 

2r\ 

- 

r|/2 + ir 3 


N = 


0 

0 

A 

1 

0 



0 

, n ,r 2 G 3?, 


0 

0 

0 

A 

0 



1 



0 

0 

0 

0 

A 



r 2 



l 

0 

0 

0 

0 

0 



A y 




/ 

A 

1 —2ir\Xmz 

0 

0 


0 




0 

A 

z 


n 

0 

(2 r\lin 2 z 

- r 2 /2 + ir 3 )z 

N = 



0 

0 

A 


z 

0 


0 



0 

0 

0 


A 

0 


z 2 




0 

0 

0 


0 

A 


r 2 



V 

0 

0 

0 


0 

0 


A 




1- 

-1 = 1, 

0 < arg z < n, r\,r 2 ,r 3 G 3?, r 2 > 0, 


(18) 


( 19 ) 
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H = 


/ 

0 

0 

0 

h \ 


0 

£>3 

0 

0 


0 

0 

h 

0 

l 

II 

0 

0 

0 ) 


( 20 ) 


If N has one eigenvalue X, dim Sq = 2, and n = 4, then {TV, H} is unitarily similar to one and only one of 
pairs (OHM13)}, 


TV = 


/ A 0 z 
0 A 0 
0 0 A 

V 0 0 0 


re 


—in/3 , 


e ™/3 z 

0 

A 


\ 


/ 


|z| = 1, r G 3? > V3, 

0 < arg z < tt if r > y/3, 


TV = 


f X 0 0 0 \ 

0 A 1 0 

0 0 A 0 

\ 0 0 0 A 


H = 


0 I 2 

I 2 o 


( 21 ) 


( 22 ) 


(23) 


If N has one eigenvalue \, dim Sq = 2, and n = 5, then {TV, H} is unitarily similar to one and only one of 
pairs 


TV = 



/ 

A 

0 

1 

0 

0 

\ 



0 

A 

0 

1 

0 


TV = 


0 

0 

A 

z 

0 




0 

0 

0 

A 

0 



l 

0 

0 

0 

0 

A 

) 

( A 

0 

1 

0 


° ^ 



0 

A 

0 

r 


z 



0 

0 

A 

z 2 


0 

, 

A 

0 

0 

0 

A 


0 



V 0 

0 

0 

0 


A ) 




1*1 = 1 , 


(24) 


\z\ = 1, r G 3? > 0, 


H = 



(25) 


(26) 


I 2 0 0 

If TV has one eigenvalue X, dim Sq = 2, and n = 6, then {TV, TV} is unitarily similar to 


TV = 


/ A 0 1 0 in 0 \ 

0 A 0 1 r 2 ir\ 

0 0 A 0 z 

0 0 0 A 0 

0 0 0 0 A 

\ 0 0 0 0 0 


H = 



|*| = 1, * ^ -1, 
ri,r 2 G 3?, r 2 > 0, 


(27) 


(28) 


6 














If N has one eigenvalue A, dim Sq = 2, and n — 7, then {N, H} is unitarily similar to 1 12UI) . ld(A) T: 


N = 


( A 0 1 0 0 

0 A 0 1 0 

0 0 A 0 0 

0 0 0 A 0 

0 0 0 0 A 

0 0 0 0 0 

V 0 0 0 0 0 


0 

0 

-zi&Icosa 

zisina 

0 

A 

0 


0 
0 

sinacos/3 

Z2Cosacos/3 

sin(3 

0 

A 


\zi\ = \z 2 \ = 1, 0 < a, /? < 7 t/ 2 , 

2 i = 1 if (3 = 7t/2, 22 = 1 if a = n/2, 


H = 



(29) 

(30) 


//A/ /ias one eigenvalue X, dim Sq = 2, and n = 8, then {N,H} is unitarily similar to 1 1 HU) . Vi 2 j) l: 


N -XI = 


( 0 0 1 0 0 0 

0 0 0 1 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

V 0 0 0 0 0 0 


0 

0 

—ZiZ2sinacosf3 
Zicosacos/3 
sin (3 
0 
0 
0 


0 
0 

cosacosj 

Z 2 sinacos r y 

0 

sin 7 
0 
0 


\ 


\zi\ = \z 2 \ = 1, 0 < a < 7 r/ 2 , 0 < P < 7 < n/2, 
Z\ = 1 z/ 7 = 7r/2, 22 = 1 if a = 0 

0 0 I 2 

H= | 0 J 4 0 

/ 2 0 0 


(31) 

(32) 


The following sections contain the proof of this theorem. 


4 Two Distinct Eigenvalues of N 

Suppose an indecomposable if-normal operator N has 2 distinct eigenvalues. Then (Lemma 1, .J]) C n = 
Qi+Q. 2 , dim Qi = dim Q 2 = m, [Qi,Qi] = 0, [Q 2 , Q 2 ] = 0, NQi C Q 1; NQ 2 C Q 2 , TVi = N | Cl 
(N 2 =n\ Q2 ) has only one eigenvalue Ai (A 2 ). According to Theorem 1, m = 2 and n = 4. Note that the 
subspaces Q\ and Q 2 are determined up to interchanging. Since N is indecomposable, at least one of the 
operators Ni, N 2 is not scalar. Consequently, one can assume N± 7 ^ Ai I. If both Ni and N 2 are not scalar, 
then we can fix Xm{Ai — A 2 } > 0 if Jto{Ai — A 2 } 7 ^ 0 and 7^e{Ai — A 2 } > 0 if Jm{Ai — A 2 } = 0 (let us 
remember that Ai 7 ^ A 2 ). Now Q\ and Q 2 are determined uniquely. 

As H is nondegenerate, for any basis in Qi there exists a basis in Q 2 such that 


H = 


0 I 
I 0 
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Let us fix a basis in Qi such that 


(33) 


Ni 


Ai 1 \ 

0 A i )• 


N is 17-normal if and only if 


N!N 2 * = N 2 *N 1 . 


(34) 


From m it follows that N£ = aNi + (31. As N 2 = aNf + (31 has the only eigenvalue A 2 , we conclude 
N 2 = X 2 I + x(N( — Ail) (x £ C). Thus, we have reduced N to the form 


"=(0 A 1 )®(t 2 < 35 > 

Show that forms 13511 with different values of x are not Lf-unitarily Jsimilar. To this end suppose that some 
matrix T satisfies the conditions 


NT = TN, 
tt i*\ = j 


where N = N\ ® N 2 , N = Ni ® N 2 , Ni has form iT^H) . 


N 2 


a 2 0 

x \ 2 


n 2 


a 2 0 A 

x A 2 ) ■ 


(36) 

(37) 


From (Bnii it follows that T is block diagonal with respect to the decomposition C n = Qi + Q 2 : T = T\ ®T 2 , 
Ti satisfying the condition N\ = T^ 1 N\Ti. Taking into account iTiTI) . we get T 2 = T* _1 , therefore, N 2 = 
T 2 1 N 2 T 2 = N 2 , i.e., x = x. 

It can easily be checked that m is indecomposable so that we have proved the following lemma: 


Lemma 4.1 If an indecomposable H-normal operator acts in a space C n of rank 2 and has 2 distinct 
eigenvalues Ai, A 2 , then n = 4 and the pair {N, H} is unitarily similar to canonical pair { 0 - 0 }' 


( Ai 

1 

0 

0 \ 

0 

Ai 

0 

0 

0 

0 

A 2 

0 

^ 0 

0 

X 

a 2 ) 


for 


Im{Ai — A 2 } >0 if Tm{\i — A 2 } 7 ^ 0, 
77.e{Ai — A 2 } > 0 otherwise , 


H = 


0 

h 


I2 

0 


where the number x forms a complete and minimal invariant of the pair {77, H} under the unitary similarity 
(in short, we say that x is an H-unitary invariant). In other words, every pair {N,H} satisfying the 
hypothesis of the lemma is unitary similar to pair { OF'®} and pairs { OF-®) with different values of x are 
not H-unitarily similar to each other. 


5 One Eigenvalue of N 

Throughout what follows we will assume that N has only one eigenvalue A so that N and H have form © 
Since the neutral subspace So cannot be more than two-dimensional, there appear two cases to be considered: 
dim So = 1 and dim So = 2 . Now let us prove the following proposition which holds for all spaces with 
indefinite scalar product: 
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Proposition 5.1 An H-normal operator such that dim Sq = 1 is indecomposable. 

Proof: Assume the converse. Suppose some nondegenerate subspace V is invariant both for N and for IV M . 
Let us denote V± = V, V 2 = N\ = N\v r , N 2 = -ZV|y 2 , Hi = H\y l: H 2 = H |y 2 . The following conditions 
must hold: IViIV-f*] = N^Ni, N 2 N^ = N^N 2 . Here ivj*^ is the Hi-adjoint of IVj (i = 1,2). Let us define 

S l 0 = {x e Vi : (Ni - A I)x = (N\* ] - A I)x = 0}, i = 1,2. 

Since the operators Ni and N[*^ ( N 2 and N^) commute, dim Sq > 1 (i = 1,2), therefore, dim{So = 
+ 5g} > 2. This contradicts the condition dim Sq = 1. Thus, N is indecomposable. 

If dimSo = 1, then rank of S is equal to 1, therefore, to classify the internal operator Ni we may 
apply Theorem 1 from |T| . Since the indecomposability (or decomposability) of N± is a property which does 
not change under the unitary similarity of the pair {Ni,Hi}, we must consider both the case when N\ is 
indecomposable and that when N± is decomposable. 


5.1 dimSo — 1 an d is Indecomposable 

If Ni is indecomposable, then, according to Theorem 1, 2 < dim S < 4 (recall that rank of S is equal to 1). 
Therefore, 4 < n < 6. Let us consider the alternatives n = 4, 5,6 one after another. 


5.1.1 n = 4 

According to Theorem 1 of jTj, one can assume that N\ and Hi are reduced to the form 


Ni 


A 2 
0 A 


|*| = 1, Hi = D 2 . 


Hence 


N - XI = 


( 0 a b c \ 

0 0 z d 

0 0 0 e 

\o 0 0 0/ 


H = D 4 . 


Throughout what follows only U-unitary transformations are used unless otherwise stipulated. This means 
that for each case we fix some form of the matrix H and find out to what form it is possible to reduce the 
matrix N without the change of H. 

The condition of the iJ-normality of N is equivalent to the system 


az = ez 

He{ab} = He{de}. 


(38) 

(39) 


If a = 0, then e = 0, therefore, the vector v 2 from S (in are the basis vectors) belongs to So, which is 
impossible. Thus, a/0. Replace the vector v\ by av\ and iq by tq/a. This transformation reduces N — XI 
to the form 


/ 0 
0 
0 

V 0 


1 b' 
0 z 
0 0 
0 0 


d' 

z 2 

0 


\ 


Further, apply the transformation 


/ 1 zd' 0 0 \ 

0 10 0 

0 0 1 -zd! 

V 0 0 0 1 / 
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to the matrix N — XI. We obtain: 


N - XI = 


( o 
0 
0 
V o 


b" 

z 

0 

0 


0 


It follows from that b" = ir\ (ri £ 5ft). Taking the transformation 


T = 


we reduce N — XI to the final form 


/ 1 
0 
0 
V 0 


7}~zlZe{ 

0 

1 

0 


c"z} 


-~\zIZe{c" z} 




N - XI = 


( 0 
0 
0 
V o 


ir\ 

z 

0 

0 


ir 2 z \ 

0 

ji 


z 

0 


= 1 , n,r 2 £ 5ft, 


/ 


(40) 


where r 2 = Im{c"~z}. 

Let us prove that the numbers z, r±, r 2 are H -unitary invariants. Indeed, let T be an U-unitary 
transformation of the matrix N to the form N, where 


N- XI = 


( 0 1 ir i ir 2 z \ 

0 0 5 0 

0 0 0 5 2 

\ o o o o y 


1 , ri,r 2 £ 3?. 


This means that T satisfies conditions (® and m- From Corollary of Proposition 1 it follows that T is 
block triangular with respect to the decomposition C n = So + S + Si. According to Theorem 1 from [I], z 
is an L/i-unitary invariant of N\. T 4 = T\s is a L/i-unitary transformation of N\ to the form TVi, therefore, 
z is also an IL-unitary invariant of N, i.e., 5 = z. Applying condition we see that T is uppertriangular 
and its diagonal terms are equal to each other. From G0> it follows that |tn| = 1. Therefore, without loss 
of generality one can assume that tu = 1 (we replace our matrix T by the matrix T' = tuT; the latter has 
the same properties ®, (EU )• 

Thus, 


/1 

tl2 

tl3 

<14 

0 

1 

t 2 3 

<24 

0 

0 

1 

<34 

l 0 

0 

0 

1 


For T to be 7L-unitary it is neccessary and sufficient to have 


£34 + ti2 = 0 (41) 

t 2 4, + t 2 3ti 2 + ti3 = 0 (42) 

Het\4 + He{ti 2 ti3} = 0 (43) 

lZet 2 3 = 0, (44) 


for T to reduce N to the form N it is neccessary and sufficient to have 


<23 + in 

= iFi + zt\ 2 

(45) 

<24 + *^i<34 + ir 2 z 

= ir 2 z + ~ 2 <i 3 

(46) 

Zt.34 

= Z 2 t 2 3. 

(47) 
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Express £34 in terms of <23 from 1471) and t \2 in terms of £23 from 1451) : £34 = zt 23 , ti 2 = z(iri — iff) + ~zt 23 - 
Substituting these expressions in iTOl) . we get: 21Zet23 = i{f{ — rf). Since lZet 2 3 = 0 (condition iTPUl l. r\=r\. 
Further, let us express £24 in terms of t \3 and (23 (condition (14(41) 1: ^4 = (irz — ^ 2)2 + 2 2 fi 3 — ir\zt 23 - Then 
condition (P|) can be written in the form 

(ir 2 - iff) + 2(13 + 2^13 + irit 2 3 + 1 ^ 231 2 = 0 . 


As TZet 23 = 0, ir\t 23 £ 3?, consequently, zt\ 3 + zt \3 + irit 2 3 + ^23 1 2 £ 3?. But i(r 2 — f) £ 3. Therefore, 
r2 = T2- Thus, the numbers 2, ri, V2 are _ff-unitary invariants. 

Due to Proposition 2 matrix m is indecomposable so that we have proved the following lemma: 


Lemma 5.2 If an indecomposable H-normal operator N (N : C 4 
1 , the internal operator N\ 

mm-- 


C 4 ) has the only eigenvalue X, dimSo = 


is indecomposable, 

then the 


( A 

1 

ir\ 

ir 2 z 

\ 

N = 

0 

A 

z 

0 

0 

0 

A 

2 2 



1 0 

0 

0 

A 

) 





H = 

Di 


1 2 1 = 1, ri,r 2 £ 3ft, 


where z, r\, r 2 are H-unitary invariants. 


5.1.2 n = 5 

According to Theorem 1 of [T], it can be assumed that the pair {A^i, H 1 } has either form 1481 or (B51) : 


iVi 


A 2 r \ 

0 A 2 I , 1 2 1 = 1, 0 < arg 2 < 7 r, r £ 3?, H\ = D 3 , 
0 0 A / 


(48) 


/A 1 ir \ 

Ni = I 0 A 1 , r £ 3?, ffi = D 3 . 

\ 0 0 A / 

For a while we will consider both the cases together, assuming that 

/A z' x \ 

N\ = [ 0 A z’ 1 , | z'\ = 1, 0 < arg z' < 7r, x £ C. 


\ 0 0 A / 






Then 

( ° 

a 

b 

c 

d \ 


0 

0 

z' 

X 

e 

N - XI = 

0 

0 

0 

z' 

/ 


0 

0 

0 

0 

9 


V 0 

0 

0 

0 

0 / 


The condition of the H-normality is equivalent to the system 


az' = gz' 
ax + bz' = ~gx + fz' 

2 TZe{ac} + \b \ 2 = 2 IZe{eg} + |/| 2 . 


(49) 


(50) 

(51) 

(52) 
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As above (see the case when n = 4), one can check that o / 0, hence a can be assumed equal to 1, so g = z' 2 . 
Having in mind these equalities, take the (iJ-unitary) transformation 


T 


It reduces N — XI to the form 


( 1 z’b z'(c— xz'b) 0 

0 1 0 0 

0 0 1 0 

0 0 0 1 

\ 0 0 0 0 


-\\c-xz’b\ 2 \ 
0 

—z'(c — xz'b) 
—z'b 
1 


/ 0 1 0 0 d! \ 


N — XI = 


0 0 z' 
0 0 0 
0 0 0 


z 

0 


/' 


\ 0 0 0 0 0 / 


Now apply either the transformation 


T = 


( 10 0 TZed'/(TZez' 2 + 1) 
0 10 0 
0 0 1 0 

0 0 0 1 

\ 0 0 0 0 


0 

— TZed'/ (TZez' 2 + 1) 
0 
0 
1 


(*' ¥= i) 


or 


T = 


( 1 0 0 
0 10 
0 0 1 
0 0 0 
V o o o 


-i ilmd' 
0 
0 
1 
0 


— 5 iXmd' 
0 
0 
1 


0' = i) 


to the matrix N — XI. We get 


N - XI = 


( 0 1 0 0 i(Imd’ +lm{d'~z i ' 2 })/{Hez' 2 + 1) \ 

0 0 z' x 

0 0 0 z' 

0 0 0 0 2 

V 0 0 0 0 0 ) 


e 

r 


(z'/i) 


or 


/ 0 1 0 0 TZed' \ 

0 0 i x e' 

N~XI= 0 0 0 * f (z 1 = i). 

0000 -1 
\ 0 0 0 0 0 / 

Now we shall distinguish cases (gBJ) and (TTOli . 

(a) z' — 1, x = ir\ (rq £ 5R). Conditions 1151(1 . iTu^ll of the l?-normality of N yield: /' = 2ir\, 
—2rf + ir 2 . Denote ( Imd' — Tm{d!z r })/(TZez 12 + 1) by r%. We have 


TV -XI = 


( 0 1 0 
0 0 1 
0 0 0 
0 0 0 
V 0 0 0 


0 

ir\ 

1 

0 

0 


ir 3 

—2r\ + ir 2 
2iri 

1 

0 


\ 


ri,r 2 ,r 3 £ 3?. 


(53) 
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There remains to check the //-unitary invariance of the numbers r\, r 2 , r 3 . To prove this, let us suppose 
that some //-unitary matrix T reduces m to the form 


N - XI = 


( 0 
0 
0 
0 
\ 0 


1 0 0 

0 1 ifi 

0 0 1 

0 0 0 

0 0 0 


ir 3 \ 

—2 r [ 2 + if 2 
2 if\ 


1 

0 ) 


ri,r 2 ,r 3 G 5ft. 


From condition (l36l) NT = TN it follows that T is uppertriangular with diagonal terms which are equal 
to each other. According to Theorem 1 from r\ is an Z/i-unitary invariant for N\. We already know 
that in this case r 1 must be an //-unitary invariant (see the previos case n = 4), i.e., rq = r\. For T to be 
//-unitary, i.e., to satisfy (iilt- 1^111 must be equal to 1. Therefore, as in case n = 4, one can assume that 
tu = 1. Thus, T has the form 


T = 


( 1 
0 
0 
0 
V 0 


£12 

1 

0 

0 

0 


1 13 

£23 

1 

0 

0 


ti4 ti5 ^ 

t 2 4 t 2 5 

t 3 4 t 3 5 

1 £45 

0 1 y 


(54) 


Condition m amounts to system (i^sii - m, to system (ITHTl - (IH7>I : 


^23 = /l 2 (55) 

t 24 = inti 2 + h 3 (56) 

t 2 5 + ir 3 = ir 3 + (—2r^ + ir 2 )ti 2 + 2iriti 3 + fi 4 (57) 

t 3 4 = t 23 ( 58) 

% + *^ 1/45 + ir 2 = ir 2 + 2int 23 + t 2 4 (59) 

^45 = * 34 ) ( 60 ) 

^45 + tl2 = 0 (61) 

t 3 5 + t 3 4ti 2 + ti 3 = 0 (62) 

t 23 + £ 24/12 + £ 23/13 + £14 = 0 (63) 

277.e£i5 T 277.e{/i2/i4} + |/i31 2 = 0 (64) 

£34 + £23 = 0 (65) 

2 Ket 2 4 + \t 23 \ 2 = 0. (66) 


Express £35 in terms of t 23 , £ 24 , £45 from I® and substitute this expression in ®, taking into account 
that £12 = £23 = £34 = £45 and expressing £24 in terms of £12 and £13 from condition ( 1561 ) . We obtain 
ir 2 — ir 2 = 2iriti 2 + 21Zeti 3 + \ti 2 \ 2 . Since TZeti 2 = 0 (equation (1611) 1. we have 2inti 2 G 3/, hence, the right 
hand side of the condition obtained is real and the left one is imaginary. Therefore, r 2 = r 2 . 

Since £13 = £24 — iriti 2 (condition 1561) '). t 23 can be expressed in terms of £ 12 , £24 and £14 in the following 
way (see condition 15711 1: £25 = i(r 3 — r 3 ) + ir 2 ti 2 + 2 irit 2 4 + £ 14 . By substituting this expression in 1631) . we 
get ir 3 — ir 3 = ir 2 ti 2 + in( 2 t 2 4 + \ti 2 \ 2 )+ 21 Ze{ti 2 t 2 4 } + 27leti4. Because of condition irTTH) Zri(2£ 2 4 + \ti 2 \ 2 ) is 
real as well as the rest terms of the right hand side, hence, r 3 = r 3 . We have proved the //-unitary invariance 
of ri, r 2 , r 3 . 


(b) z' = z, \z\ = 1, 0 < arg z < 7r, x = ri G 3i. Applying conditions (THl . (f52l) of the //-normality of N, 
we get 

/ 0 1 0 0 ir 3 \ 

0 0 z ri —2z 2 r\lm 2 z + ir 2 z 2 

0 0 0 z —2iriz 2 Imz 

0 0 0 0 z 2 

\ 0 0 0 0 0 


N- XI = 


ri,r 2 ,r 3 G (z/i) 
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or 


N - XI = 


where 


x = 


0 

n 

i 

0 

0 


We shall join these cases, assuming that 

/ 0 

0 

N - XI = 0 

0 
0 


r 3 

2 r\ + ir 2 
2 in 
-1 
0 


n,r 2 ,r 3 eS (2 = i). 


0 

r 1 
z 

0 

0 

€ 3?, 


ix 

—2 z 2 rflm 2 z + ir 2 z 2 
— 2 iriZ 2 Im z 
z 2 

0 


r 3 

-ir 3 £ 3 (r 3 e S), 


z^i 

z = i. 


Let us prove the H -unitary invariance of the numbers z, r\, r 2 , r 3 (or x). Suppose some matrix T realizes 
the 77-unitary transformation of N to the form TV, where 


N - XI = 


/ 0 1 0 
0 0 5 
0 0 0 
0 0 0 
V 0 0 0 


0 

f\ 

z 

0 

0 


ix 

— 2 z 2 r\ 2 Im 2 z + ir 2 z 2 
~ 2 if\z 2 Imz 
z 2 

0 


By Theorem 1 of |Tj, z and r\ are L/i-unitary invariants, hence, they are 77-unitary invariants, i.e., 5 = z, 
rq = rq. Further, from cut it follows that T is uppertriangular with diagonal terms which are equal to each 
other. Applying G3, we get that T has form m - Now condition EJ is equivalent to system drm> - El, 
condition to system EJ - ©): 


t 23 = zt 12 (67) 

t 2 4 = nti 2 + zt 13 (68) 

t 25 + ix = ix + (—2 z 2 r 2 Im 2 z + ifqz 2 )^ — 2iriz 2 Imz t \ 3 + z 2 ti 4 (69) 

^34 = t 23 ( 70) 

2^35 + rit 45 + ir 2 z 2 = ir 2 z 2 - 2ir\z 2 Imz t 23 + z 2 t 24 (71) 

zt i5 = z 2 t 34 . (72) 


Express t 33 in terms of t 23 , t 2 4 , £45 and, taking into account the equalities ti 2 = zt 23 16711 , t \ 3 = z{t 2 A — rit\ 2 ) 
iPl> . ^34 = t 23 n , t45 = Zt 23 ca , substitute the obtained expression in lj 02 |) . After multipling both sides 
by z, we have: ( ir 2 — if 2 ) = —2 ir\Imz t 23 + t 2 4 + t 2i + \t 23 \ 2 - ri(zt 23 + zt 23 ). Since TZet 23 = 0 (©), the 
right hand side of this equality is real. Consequently, r 2 = r 2 . 

Now let us express t. 23 in terms of t 23l t 2 4 , 7i4 from © : t 25 = i(x — x) — 2r\zlm 2 z t 23 + ir 2 zt 23 — 
2inzImzt 2 4, + 2ir 2 Imzt 23 + z 2 tu. Rewrite condition © in the form t 23 + t 2 4 ti 2 +^ 23^13 + ii 4 = 0, multiply 
its both sides by 2 and substitute the expression for £25 in it. We obtain: i(x — x)z = —2r 2 Im 2 zt 23 + ir 2 t 23 — 
2irilmzt 2 4 + 2irfzlmzt 23 + zti 4 +~zti 4 +t 23 t 2 4 +t 2 4 t 23 — zri\t 23 \ 2 . Since —2rflm 2 z + 2irfzlmz = ir\lmzRez 
and —2irilmz t 2 4 — 7qz|723| 2 = rq(27?ez Ret 2 4 + 2Imz Imt 2 4 ), the right hand side is real. Therefore, 
Im[iz(x — x)] =0. If z 7 ^ i, then this condition means (r 3 — r 3 )Rez = 0, hence f 3 = r 3 because Re z ^ 0. 
If 2 = i, then Im[i{r 3 — 7 - 3 )] = 0, hence also we get fq = r 3 . This concludes the proof of the 77-unitary 
invariance of 2 , rq r 2 , r 3 . 

Due to Proposition 2 all obtained forms are indecomposable. They are not 77-unitarily similar because 
their internal matrices Ni are not 77i-unitarily similar due to Theorem 1 of pp. Thus, we have proved the 
following lemma: 
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Lemma 5.3 If an indecomposable H-normal operator N (N : C 5 —> C 5 ) has the only eigenvalue A, dimSo = 
1, the internal operator Ni is indecomposable, then the pair {N,H} is unitarily similar to one and only one 
of canonical pairs {/%)!. II-?() ). 11 \1(A ), \11\) \ : 


N = 


( A 1 0 

0 A 1 
0 0 A 
0 0 0 
V 0 0 0 


N = 


( A 
0 
0 
0 
V 0 


N = 


0 

2 

A 

0 

0 

/ A 
0 
0 
0 

V o 


0 

ir\ 

1 

A 

0 


ir 3 

.,2 


—2 rj + ir 2 

2in 

1 
A 


\ 


, n, r 2 , r 3 G 3?, 


0 

ri 

0 

A 

0 

1 

A 

0 

0 

0 


ir 3 \ 

—2 z 2 r\Im 2 z + *r 2 z 2 

—2 inz 2 Imz 
_2 


z 

A 


/ 


NI = 1, z^i, 

0 < arg z < tv, 
T\,ri, V3 G 3?, 


0 

ri 

i 

A 

0 


r-s 


2 r{ + ?’r 2 
2 in 
-1 
A 


, ri,r 2 ,r 3 G 3i, 


where z, r±, r 2 , r 3 are H-unitary invariants. 


5.1.3 n = 6 

In this case, according to Theorem 1 from [Q, the matrices N\ and Hi can be written in the form 


Ni = 


so that 


N - XI = 


/ A 

COS Oi 

sin a 

0 \ 

0 

A 

0 

1 

0 

0 

A 

0 

V 0 

0 

0 

A 


( 0 

a 

b 

c 


0 

0 

cos a 

sin a 


0 

0 

0 

0 


0 

0 

0 

0 


0 

0 

0 

0 


l 0 

0 

0 

0 


, 0 < a < 7 t / 2 , Hi = 



\ 


H = 


1 9 

0 h 

0 p 

0 0 / 

The condition of the Lf-normality of N is equivalent to the following system: 


/ 0 0 0 0 0 1 \ 
0 


0 0 0 0 1 

0 0 1 0 0 0 

0 0 0 1 0 0 

0 1 0 0 0 0 

\ 100000 / 


a = 
0 = 

6 cos a + c sin a = 
2 ne{ad} + |fe| 2 + |c| 2 = 


pcosa 

psina 

9 

2 Ue{fp} + \g\ 2 




(73) 

(74) 


From (1741) and the condition 0 < a < 7t/ 2 it follows that p = 0. Then from 17311 we obtain that also 
a = 0. Hence, the vector r 2 G 5 belongs to So, which is impossible. This contradiction proves that for 
indecomposable operator N : C 6 —> C 6 dimS 0 / 1. 

Recall that if n > 6, then the operator Ni is always decomposable (Theorem 1 of JT] ). Thus, we have 
obtained the classification for all indecomposable operators N having also indecomposable internal operator 
Nl 
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5.2 dim So = 1 and N\ is Decomposable 

If the operator Ni is decomposable, then it can be represented as an orthogonal sum of indecomposable 
operators N^\ ..., n[ p ^: Ni = ® ... ® n[ p \ Hi = H j 1 ^ ® ... ® h[ p \ Without loss of generality it can 


be assumed that h[^ has one negative eigenvalue. Denote H j 1 ' by H 2 , by N 2 , 


H 3 , N- 


( 2 ) 


H {2) ffi ... ® H[ p) by 

1 a? ® N^ by N 3 . Since H 3 has only positive eigenvalues, one can assume that H 3 = I. N 3 is a 
usual normal operator having the only eigenvalue A, hence, N 3 = XI. 

Show that the size of N 3 is equal to 1 x 1. Indeed, let dimV 2 = fc, dimV 3 = l > 1 (V 2 and V 3 are the sub- 

/o\ (o) (3) 

spaces of S corresponding to N 2 and N 3 , respectively), V 2 = span{w\ , w\ ,..., w). }, V 3 = span{w\ , 

.. .,wj }. Then, by the above, 


N = 


where Mi = (ai,a 2 ,..., a k ), M 2 = ( 61 , 62 , • • •, fy), M 3 = (c 1; c 2 ,... ,c k ), M 4 = (di, d 2 ,. ■ . ,di). Because of 
the M 2 -normality of N 2 dimS^ > 1 (Sq 2 ^ = {x £ V 2 : (N 2 — A I)x = (N^ — A I)x = 0 }), hence, without 
loss of generality it can be assumed that £ Sq 2 \ Since l > 1, 3{a , ; }” +1 (X )” +1 \on\ 7 ^ 0): 


( A 

Mi 

m 2 

* ^ 


( X 

M 3 

M 4 , 

* \ 

0 

n 2 

0 

* 

, N [ * ] = 

0 

At 1 

0 

* 

0 

0 

XI 

* 

0 

0 

XI 

* 

V 0 

0 

0 



\ 0 

0 

0 

A ) 


^ ) Q-ibi ® — 0 


(75) 


1 


&idi OC n ^.\C\ 0 . 


(76) 


Therefore, + a n+ iu;i 2 ^ 7 ^ 0: (N — A I)v = (TVW — A I)v = 0, i.e., some nonzero vector from 

S belongs to So- This is impossible so that dim. V 3 = 1. 

As N 2 is indecomposable and rank of V 2 is less than or equal to 1, dim V 2 < 4 in accordance with 
Theorem 1. Thus, 1 < dimV 2 < 4, dimV 3 = 1 so that 4 < n < 7. Consider the cases n = 4, 5, 6, 7 one after 
another. 


5.2.1 n = 4 

Then dimV 2 = 1, dimV 3 = 1, 


/ 

0 

a 

b 

C ^ 


( 

0 

0 

0 

1 \ 


0 

0 

0 

d 

fJ _ 


0 

-1 

0 

0 


0 

0 

0 

e 

! H ~ 


0 

0 

1 

0 

V 

0 

0 

0 

0 ) 


V 

1 

0 

0 

0 

2 , 

we 

will assume that Hi 

= 

d 2 

so 

that 

H = 


TV - XI = 


Since H 1 = — 1 ® 1 is congruent t 
we will apply, as is customary, only H -unitary transformations. 

The condition of the iT-normality of N is now equivalent to the following: 


1Ze{ab} = 7 Ze{de}. 


(77) 


Since the assumption a = b = 0 contradicts the condition S' fl So = {0} (because then either v 2 or v 3 belongs 
to So), one can assume that a / 0 and, therefore, a = 1 (see the paragraph after CT). Keeping in mind 
that a = 1, reduce N — XI to the form 


N- XI = 


( 0 
0 
0 
V 0 


b' = sgnlZeb 
0 
0 
0 


c ' \ 
dl 

e l 

0 
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having applied either the transformation 


T = 


/ VWeb\ 
0 


0 


0 


V 


i/\Tieb\ —iTmb/\J\R.eb\ 
0 1 /y/fkeb\ 

0 0 


(TZeb ± 0) 


1 fy/fReb\ J 


or 


T = 


(Keb = 0 ). 


/ 1 0 0 0 \ 

0 1-60 
0 0 10 

\ 0 0 0 1 ) 

Now consider the three cases (Tie b' = 0,1 or —1) separately. 

(a) b' = 0. Since lZe{d'e'} = 0 (condition (1771) of the £f-nornrality of N) and d! ^ 0 (otherwise V 3 £ Sq), 
the representation d' = giz, e' = ig 2 Z (|z| = 1, gi, g 2 £ 3?, g\ > 0) is valid. Therefore, taking 


T = 


we reduce N — XI to the form 

/010c" 

0 0 0 2 

0 0 0 0 

\ 0 0 0 0 ) 

One can assume that c" = 0. To achieve this it is sufficient to apply the transformation 


/ ifol 

0 

0 

0 ^ 

0 

ifol 

0 

0 

0 

i&ly/ei 

l/y/E 

0 

l 0 

0 

0 

i/VeT / 


N — XI = 


T 


/10c" 0 \ 

0 1 0 -c" 

0 0 1 0 

V 0 0 0 1 / 


There remains to prove that z is an U-unitary invariant. Indeed, any matrix T satisfying condition cm 
(N — XI)T = T(N —XI) for the matrices 


IV - XI = 


/ 0 

1 

0 

0 



/ 0 

1 

0 

0 

\ 

0 

0 

0 

z 

II 

1 

0 

0 

0 

5 

0 

0 

0 

0 


0 

0 

0 

0 


V 0 

0 

0 

0 

) 


l 0 

0 

0 

0 

/ 


1*1 = 151 = 1 


and condition (Id711 TTM = / has the form 


T — tn 


/ 1 * * * 

0 1 0 * 

0 0 1 * 

V 0 0 0 1 / 


1*111 — 1 - 


This follows the desired equality z = z. 

(b) 6' = 1. AsT^e-fdV} = 1 (condition (1771) 1. d! = gz, e' = (1 /g+ir)z (|z| = 1, g, r £ 3?, g > 0). Consider 
the transformation 

— it /(1 — it) 1/(1 — it) 

1/(1 — it) —it /(l — it) 


T = h 


1/1, t £ 3 ft, 


(78) 
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where t is a root of the equation 1 + t 2 = 1 / g 2 + (tg + r) 2 . Its discriminant V/4 = 1/g 2 + g 2 + r 2 — 2 is 
nonnegative so that t is in fact real. Subjecting to o, the matrix N — XI becomes the following: 


TV - XI = 


/ Oil 
0 0 0 
0 0 0 
\ 0 0 0 


C " \ 
z' 

(1 + ir')z' , 

0 


\z'\ = 1 , r' g 3?. 


Note that if r' = 0, then there exists a nonzero vector v = av 2 + /?u 3 € -So, which is impossible. Applying 
m with t = —\ r 'i we can replace r' by —r'. Thus, we can assume r' > 0. Finally, to get c" = 0 it is 
sufficient to take _ 

^ 1 t \2 t±3 —He{ti2ti3} \ 

010 -hl 

0 0 1 —tl 2 

\ 0 0 0 1 

where t l2 = e~ iLp / 2 {rc'l - 2 c%)/( 2 r), t 13 = e -^/2 c "/ r ( we mean that z' = e 4 *, d[ = Ke{c"e ~^/ 2 }, c% = 
lm{c"e~ iip / 2 }). 

Thus, we have reduced the matrix N — XI to the form 


N -XI = 


/Oil 
0 0 0 
0 0 0 
\ 0 0 0 


0 

2 

(1 + ir)z 

0 


\ 

/ 


\z\ = l, re 5R>0. 


Now there remains to show that the numbers z and r are .ff-unitary invariants. 
First note that for a block triangular matrix 


/ T 2 T 3 \ 

T = I 0 T 4 T 5 (79) 

V 0 0 T 6 ) 


to reduce N — XI to the form N — XI, where 


/ 0 A r ! N 2 \ ( 0 Ni N 2 \ 

N - XI = 0 N 3 N 4 , TV - XI = o TV 3 TV 4 , 

V 0 0 0 J V 0 0 0 / 

it is necessary and sufficient to have 

AdT 4 

TV1T5 + TV2T6 

N 3 T 4 

tv 3 t 5 + tv 4 t 6 

If 

/0 0 J\ 

H = 0 H x 0 , 

\l 0 0 ) 

then for m to be Ff-unitary it is necessary and sufficient to have 

T\Tq = I 
T 4 ffiT 2 * + T 5 T 4 = 0 
TiT 3 * + T 2 H 1 T 2 + T 3 T* = 0 
71 ) H\ 7 / H\ = I 


(84) 

(85) 

( 86 ) 
(87) 


T\N\ + T 2 N 3 

(80) 

T 1 N 2 + T 2 TV 4 

(81) 

t 4 tv 3 

(82) 

t 4 n 4 . 

(83) 
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Since any ii-unitary transformation T such that 


/ 

0 

1 

1 

0 




( 

0 

1 

1 

0 

\ 


0 

0 

0 

z 

T = 

= T 


0 

0 

0 

z 


0 

0 

0 

(1 + ir)z 



0 

0 

0 

(1 + if)z 


V 

0 

0 

0 

0 

) 



\ 

0 

0 

0 

0 

/ 


\z\ = \z\ = 1, r, r € S > 0, has to be block triangular (by Corollary of Proposition 1 ), systems (El - El, 
(El - El are applicable. Combining El and El, we get |tn| = 1, hence (condition EJ) ^44 = in- Now 
from El and El it follows that (2 + ir)z = (2 + ir)z, hence 5 = z, f = r, Q.E.D. 

(c) b' = — 1. The matrix TV — XI can be carried into the form 


TV -XI = 


( 0 1 

0 0 

0 0 

\ 0 0 


-1 

0 

0 

0 


0 

z 

—(1 + ir)z 

0 


\ 

/ 


\z\ = 1, r G 3? > 0, 


where z and r are if-unitary invariants. The proof is analogous to the case (b) above. 

Thus, we have obtained the canonical form for each case considered. By using conditions El - El one 
can easily check that these forms are not li-unitarily similar to each other. They are indecomposable due 
to Proposition 2. Thus, we have proved the following lemma: 

Lemma 5.4 If an indecomposable H-normal operator N (TV : C 4 —> C 4 ) has the only eigenvalue X, dimSo = 
1, the internal operator N\ is decomposable, then the pair {TV, if} is unitarily similar to one and only one 
of canonical pairs I { HiA) , ill 511 1. { \lf\j A 15 \) \ : 


TV = 


( X 1 0 0 \ 

0 A 0 z 

0 0 A 0 

V 0 0 0 A / 


, M = !, 


TV = 



( A 

1 

1 

° ^ 


0 

A 

0 

Z 



0 

0 

A 

(1 + ir)z , 


^ 0 

0 

0 

A 


( A 

1 

-1 

0 



0 

A 

0 

z 



0 

0 

A 

— (1 + ir)z 


V 

0 

0 

0 

X 





h = d a , 


, \z\ = 1, r G 3? > 0 , 


, |z| = 1, r e 5ft > 0, 


where z, r are H-unitary invariants. 


5.2.2 n = 5 


Then dimV 2 = 2, dimV 3 = 1 and, according to Theorem 1 from pQ, after interchanging the 3-rd and 4-th 
rows and colomns, we get: 


( 

0 

a 

b 

c 

d 

\ 


( 

0 

0 

0 

0 

1 

\ 


0 

0 

0 

z 

e 




0 

0 

0 

1 

0 



0 

0 

0 

0 

f 


,\z\ = l,H = 


0 

0 

1 

0 

0 



0 

0 

0 

0 

9 




0 

1 

0 

0 

0 


V 

0 

0 

0 

0 

0 

) 


\ 

1 

0 

0 

0 

0 

/ 
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The condition of the TT-normality of TV is equivalent to the system 

az = ~gz (88) 

2 Ke{ac} + \b\ 2 = 2 Ke{eg} + |/| 2 . ( 89 ) 

It is readily seen that a ^ 0 , consequently, it can be assumed that a = 1 and g = z 2 (see the paragraph after 
(13911 1 - Further, take the (TV-unitary) transformation 

/ 1 0 0 

0 1 -b 

T= 0 0 1 

0 0 0 

V o o o 


0 

-§H 2 

b 

1 

0 


0 \ 
0 
0 
0 
1 


and reduce TV — XI to the form 


TV-AV = 


/ o 
0 
0 
0 
V 0 


c 

z 

0 

0 

0 


d! 

e' 

S' 

Z 2 

o 


\ 


Applying now the transformation 


T=h 



we get 


TV - XI = 


( 0 
0 
0 
0 
V 0 


c" 

2 

0 

0 

0 


7 * 1-2 

7*2 

„2 


7 * 1 , T2 G 3 ?, V 2 > 0 . 


0 


We can assume that r 2 > 0 because otherwise V3 £ Sq, which is impossible. From condition m of the 
iJ-normality of TV it follows that c" = n + \r 2 + ir 3 (7*3 £ 3 ?). Keeping in mind these conditions, apply the 
transformation 

tl 3 
0 


(1 
0 


T = 


0 
0 
V0 


t\2 

1 

0 

0 

0 


-5K13I 2 \ 


2 1^131 
0 

3 

~tl2 

1 




where t\ 2 = 7*1-2, ti3 = (d" — riz(r± + \r\ + *7*3))/^, to the matrix TV — XI. Then d" = + ir 3l d"' = 0 , 

the rest terms of TV — XI do not change. Renaming r2 and 7*3, write out the final form of TV — XI: 


TV - XI = 


( 0 
0 
0 
0 
V 0 


0 \r\ + ir 2 

0 
0 
0 
0 


0 

0 

7*1 

0 


\ 


?*i, 7*2 £ 3ff, ?*i > 0, |^| = 1. 


To prove the TV-unitary invariance of z, ri, 7*2 assume that 


TV - XI = 


( 0 
0 
0 
0 
V 0 


1 ~2 
2 ? 'l 


77*2 


0 

0 

fl 

Z 2 

0 


\ 


7 T, 7*2 £ 3 V, n > 0 , \z\ = 1 , 
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and there exists a matrix T such that NT = TN (condition 13011 ) and TTM = I (condition 13711 ). Recall that 
T has block form frali so that conditions m - ® hold. From © it follows that £23 = 0 and zt 44 = zt 2 2 - 
Since £ 22^44 = 1 jHZt i I^ 44 1 2 = z, i.e., z = z, ^ 44 1 = 1. Therefore, one can assume that 


T 4 = 



1^331 — 1) t G 3? 


because it is allowed to divide T by its term £22 = ^44 of modulus 1. Now from l|83|) it follows that 
£45 = itz, fit .33 = r 1 . As r 1 , r) > 0, t 33 = 1 and fi = r\. Since ti 2 = — f 4 5 (condition 18511 1 and 
hi + (|r 4 + ?T 2)^44 = {\fi 2 + irijtn + zt ± 2 (condition llStl 'l. F 2 = r 2 . This completes the proof of the 
if-unitary invariance of z, r\, r 2 . 

Due to Proposition 2 the obtained form is indecomposable. Thus, we have proved the following lemma: 

Lemma 5.5 If an indecomposable H-normal operator N (N : C 5 —> C 5 ) has the only eigenvalue X, dimSg = 
1, the internal operator Ni is decomposable, then the pair {N,H} is unitarily similar to canonical pair 


N = 


where r\, r^, z are H-unitary invariants. 


/ 

A 

1 

0 

-r\ + ir 2 

0 

\ 


0 

A 

0 

z 

0 



0 

0 

A 

0 

n 



0 

0 

0 

A 

z 2 


V 

0 

0 

0 

0 

A 

) 


= l, n,r 2 g 3?, n > 0, 


H = Dr, 


5.2.3 n = 6 

In this case dimV 2 = 3, dimVs = 1. The matrices N — XI and H , according to Theorem 1 from jjj, have the 
form: 



( 0 

a 

b 

c 

d 

e 





0 

0 

z 

r 

0 

/ 




II 

^—1 

1 

0 

0 

0 

2: 

0 

9 


I 

V I _ 

0 

0 

0 

0 

0 

h 


1' 

*1 - 


0 

0 

0 

0 

0 

P 





V 0 

0 

0 

0 

0 

0 




or 


( 

0 

a 

b 

c 

d 

e 

\ 





0 

0 

1 

ir 

0 

f 



N - XI 



0 

0 

0 

1 

0 

9 





0 

0 

0 

0 

0 

h 


5 




0 

0 

0 

0 

0 

P 





\ 

0 

0 

0 

0 

0 

0 

) 






/ 0 

0 


0 1 





H 


0 

D 


0 0 






0 

0 


1 0 








V 1 

0 


0 0 

) 



For a while we will consider these two cases 

together, assuming that 


< 0 


a 

b 

C 

d 

e \ 





0 


0 

z 

X 

0 

/ 




N - XI = 

0 


0 

0 

Z 

0 

9 


1 

I _ 

0 


0 

0 

0 

0 

h 



1 - 


0 


0 

0 

0 

0 

P 





V 0 


0 

0 

0 

0 

0 / 





|z| = 1, r G 3? 


(90) 


r G 3?, 


(91) 


\z\ = 1, a ;GC. 
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Then the condition of the //-normality of N is equivalent to the system 

az = zh (92) 

ax + b~z = xh + zlj (93) 

2Ke{ac} + \b \ 2 + \d \ 2 = 21le{fh} + \g \ 2 + \p\ 2 . (94) 

As is customary, we can assume that a = 1, h = z 2 . Let us use the (//-unitary) transformation 

/ 1 0 0 0 0 0 \ 

0 1 0 -±|d| 2 -d 0 
0 0 1 0 0 0 

0 0 0 1 00' 

0 0 0 d 10 

\ 0 0 0 0 0 1 / 

It reduces N — XI to the form 

0 1 b' c J 0 e' 

0 0 z x 0 f 

0 0 0 z 0 g' 

0 0 0 0 0 2: 2 

0 0 0 0 0 V ' 

0 0 0 0 0 0 

Further, take the transformation 

/ 1 zg' ~zc' — xg' 0 0 

0 1 0 0 0 

T= 0 0 1 0 0 

~ 0 0 0 1 0 

0 0 0 0 1 

V 0 0 0 0 0 

and carry the matrix N — XI into the form 

0 1 b” 0 0 e" \ 

0 0 ^ x 0 /" 

0 0 0 2 0 0 

0 0 0 0 0 2 2 

0 0 0 0 0 p" 

0 0 0 0 0 0 / 

Now note that p" ^ 0 because otherwise v$ G So- Since the rotation of the vector about any angle does 
not change the matrix H , we can assume that p" = r 2 € 3? > 0 (we put €5 = e lar9P V 5 ). The transformation 

/ 1 0 0 0 e"/r 2 

0 10 0 0 
0 0 10 0 

1 ~ 0 0 0 1 0 

0 0 0 0 1 

V 0 0 0 0 0 
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reduces the matrix N — XI to the final form: 


N - XI = 


/ 0 1 b m 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
\ 0 0 0 


0 0 0 \ 

x 0 /"' 

z 0 0 

0 0 z 2 

0 0 r 2 

0 0 0 / 


Now we will distinguish the cases PH) and m- 

(a) z = l,x G 3. According to conditions iPfll and |M| of the //-normality of N, 


N - XI = 


( o 
0 
0 
0 
0 
V 0 


1 2 in 

0 1 
0 0 
0 0 
0 0 
0 0 


0 0 

ir\ 0 2 r\ 

1 0 
0 0 
0 0 
0 0 


0 \ 

r %/2 + ir 3 

0 

1 


r 2 

° / 


n, r 2 , r 3 G 3?, 
r 2 > 0. 


Let us show that r i, r 2 , r 3 are //-unitary invariants. Indeed, 
PI TT W = / and ® (IV - A I)T = T(N - XI), where 


suppose some matrix T satisfies conditions 


/ 


IV- XI = 


2 ir 3 

1 

0 

0 

0 

0 


0 

if i 
1 
0 
0 
0 


2ri 


0 

2 2 /r> 

-r 2 /2 - 
0 
1 

T2 

0 


■ *r 3 


n 


r 2 , r 3 G 3?, 

f2 > 0. 


From PH it follows that 


( til f 12 tl3 tl4 tl5 tl6 ^ 

0 til t 2 3 I 2 4 o t 2 6 

0 0 tn t 3 4 0 t 3 6 

0 0 0 tn 0 t4g 

0 0 0 t54 t 55 t 5 g 

\ 0 0 0 0 0 t u / 


Using 1871) . we get: t 5 4 = 0, |tn| = 1. As above (see the argument before Lemma 5), we can assume that 
tu = 1- Then f 3 4 = — 1 23 (condition (IH7I) ^I and i(f{ — r±) = t 3 4 — t 23 (condition (JH2J)), hence, fi = n and 
Het 23 = 0. Further, from <1551) it follows that r 2 = r 2 t 33 , from m that |t 55 | = 1 . As r 2 ,r 2 > 0, r 2 = r 2 and 
t 55 = 1. Thus, 


/ 1 it t 2 4 0 \ 

0 1 ft 0 

0 0 10 
\o 0 0 1/ 


t G 3^, 2 IZet 2 4 + t 2 — 0. 


Substituting T 4 in PH . we get ii 2 = it, t \ 3 = t 2 4 — rit; replacing T 3 by — T 4 H 1 T 2 in PH - we have 
iF 3 = ir 3 — 21 Zet 2 4 — t 2 , hence f 3 = r 3 . This completes the proof of the //-unitary invariance of r\, r 2 , r 3 . 
(b) 0 < arg z < ir, x G 3i. Applying the condition of the //-normality, we get 


/ 

0 

1 

—2 irflmz 

0 

0 

0 

\ 


0 

0 

z 

n 

0 

[ 2 r\Xm 2 z — r 2 /2 + ir 3 )z 



0 

0 

0 

z 

0 

0“ 



0 

0 

0 

0 

0 

2 2 



0 

0 

0 

0 

0 

r 2 


V 

0 

0 

0 

0 

0 

0 

/ 
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where r i, r 2 , r 3 € 3?, r 2 > 0. That the numbers z, r\, r 2 , r 3 are iL-unitary invariants can be checked as in 
(a) above. That the forms obtained are not f/-unitary similar can also be checked by the reader by using 
formulas m - (EH- 

Because of Proposition 2 the forms obtained are indecomposable so that we have proved the following 
lemma: 


Lemma 5.6 If an indecomposable H-normal operator N (N : C 6 —» C 6 ) has the only eigenvalue A, dimS 3 = 
1, the internal operator N\ is decomposable, then the pair {N,H} is unitarily similar to one and only one 
of canonical pairs 


N = 


( A 

1 


2 ?>i 

0 

0 



0 

\ 


0 

A 


1 

ir\ 

0 

2 r\ 

- 

r \/2 + ir 3 


0 

0 


A 

1 

0 



0 


, ri,r 2 e 3?, r- 

0 

0 


0 

A 

0 



1 


0 

0 


0 

0 

A 


T2 



V 

0 

0 


0 

0 

0 



A 

) 



/ 

A 

1 

— 2 ir{Imz 

0 

0 



0 



0 

A 


z 


ri 

0 

( 2 r\lm 2 z 

- r\f 2 + ir 3 )z 2 



0 

0 


A 


z 

0 



0 



0 

0 


0 


A 

0 






0 

0 


0 


0 

A 



T2 


V 

0 

0 


0 


0 

0 



A 


1 

r| 

= 1, 

V 

C3 

V 

O 

n,r 2 ,r 3 6 S, r 2 > 0, 







( 0 

0 

0 1 \ 







H 


0 

Dz 

O 

O 








0 

0 

1 0 

1 








V 1 

0 

O 

O 




T2 > 0 , 


where z, r\, r 2 , r 3 are H-unitary invariants. 


5.2.4 n = 7 


We will show that this alternative is impossible. Indeed, if dimV 2 = 4, dimV 3 = 1, then, in accordance with 
Theorem 1 of [TJ, 

c 

sina 

0 
0 
0 


N -XI = 


( 0 a b 

0 0 cosa 

0 0 0 

0 0 

0 0 

0 0 

\ 0 0 


H = 


d e 

0 0 
1 0 
0 0 
0 0 
0 0 
0 0 


/ \ 

9 

h 


P 
9 

0 0 0 r 

0 0 0 0 / 

0 1 \ 

0 0 

0 0 1 0 0 0 0 

0 10 0 0 

0 0 0 0 0 

0 0 0 1 0 


0 < a < 7t/2, 


/ 0 0 0 0 0 
0 0 0 0 1 


0 0 
0 1 
0 0 

\1000000 / 
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Therefore, the conditions of the H -normality of N are as follows: 


a 


0 

b cosa + c sina 
27 Ze{ad} + \b \ 2 + |c| 2 + |e| 2 


qcosa 

qsina 

h 

2 He{gq} + \h \ 2 + \p \ 2 + |r| 2 . 


Since sina ^ 0, q = 0, hence a = 0. Thus, (iV — XI)v 2 = (AlM — XI)v 2 = 0 which contradicts the condition 

s 0 ns = {0}. 

Thus, we have classified all indecomposable operators with one-dimensional subspace Sq. Now let us 
consider the case when dim So = 2. 


5.3 dim S 0 = 2 

Let So be 2-dimensional. Since the operator Hi = H\s has only positive eigenvalues, one can assume that 
Hi = I. Ni is a usual normal operator having the only eigenvalue A, hence, Ni = XI. As a result, we have 

/ XI Ni N 2 \ 

N = [ 0 XI JV 3 ] , (95) 

\ 0 0 XI J 

0 0 I \ 

010. (96) 

7 0 0 / 

Below we will not stipulate that the pair {N, H} has form L lITT^ll . dTTT}l) i. 

For N to be i7-normal it is necessary and sufficient to have 

NiN* = N;N 3 . (97) 

According to Theorem 1, for indecomposable operators n < 8. Let us consider the cases n = 4, 5, 6, 7, 8 
one after another. 



5.3.1 n = 4 


In this case C 4 = Sq+Si, 



( 0 

0 

a 

6 \ 

( 0 n 2 \ 

0 

0 

c 

d 

[ 0 0 ) 

0 

0 

0 

0 


V o 

0 

0 

0 / 


Condition (FTTll of the i7-normality of N does not restrict the submatrix N 2 (its terms a, b , c, d). If N 2 = 0, 
the operator N is decomposable because the nondegenerate subspace V = span{vi,v 3 j is invariant for N 
and N M. Thus, N 2 can be either of rank 1 or of rank 2 ( rg N 2 = 1 or 2). 

(a) rg N 2 = 2. Suppose an 77-unitary transformation T 


T = 


Ti T 2 \ 

T 3 t 4 J 


reduces N — XI to the form N — XI: 

N - XI = 


o < 

) 

, N — XI = ( 

' 0 

n 2 \ 

V u 

0 / 


v o 

0 ) 
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Then conditions inn - m must be satisfied: 

(98) 

(99) 

( 100 ) 

Since N 2 is invertible, mm holds only if T 3 = 0. Hence, T is 77-unitary iff 


N 2 T 3 = 0 
N2T4 = T\N 2 

0 = t 3 n 2 . 


7i 7 4 = / 

TiT 2 * + T 2 T* = 0. 


( 101 ) 

( 102 ) 


From system m - cnn it follows that without loss of generality we can consider only block diagonal 
transformations of the form T = T\ © T)* -1 because T 2 does not figure in equations mm - nro . 

Thus, the only condition mm N 2 = TiN 2 T must be satisfied. Applying Proposition 3 from Appendix, 
we obtain that the submatrix N 2 can be reduced to one of the canonical forms 


N 2 


z ge m / 3 z 
0 e™ /3 z 


N 2 


zi 0 \ 

0 z 2 )' 


where z, z 1, z 2 , g (|/ = 1, g £ 3? > a/3, 0 < arg z < n if g > -\/3, \zi\ = \z 2 \ = 1, arg z\ < arg z 2 ) 
are invariants. For the latter form the operator N is decomposable because the nondegenerate subspace 
V = span{vi,v 3 } is invariant both for N and N^. For the former we obtain the following canonical form: 


N- XI = 


/ 0 0 z re~^/ 3 z \ 

0 0 0 e in / 3 z 

0 0 0 0 

\ 0 0 0 0 


\z\ = 1, r £ 3? > V3, 

’ 0 < arg z < n if r > a/3. 


(b) rg N 2 = 1. Then 


N 2 = 


ka kb 
la lb 


, |a| + |6| / 0, |fc| + \l\ / 0. 


If la = kb, then v = bv 3 — av 4 / 0 belongs both to So and 5i, which is impossible (So D Si = {0}). Thus, 
we can assume that la / kb. Taking the transformation T = T\ ® 7\* _1 , where 


Ti = 


a 

b 



we obtain one more canonical form: 


/ 0 

0 

0 

0 \ 

0 

0 

1 

0 

0 

0 

0 

0 

l 0 

0 

0 

0 / 


Lemma 5.7 If an indecomposable H-normal operator N (N : C 4 —> C 4 ) has the only eigenvalue A, dimSo = 
2, then the pair {N,H} is unitarily similar to one and only one of canonical pairs 1 


/ X 0 z re~™! 3 z \ 

0 A 0 e™! 3 z 

0 0 A 0 

V 0 0 0 A ) 


\z | = 1, r £ 3ff > -/3, 

0 < arg z < n if r > -\/3, 
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N = 


/ 

A 

0 

0 

0 

\ 


0 

A 

1 

0 


0 

0 

A 

0 


V 

0 

0 

0 

A 

/ 


( 

0 

h 




l 

h 

0 

J 



where r,z are H-unitary invariants. 

Proof: The possibility to reduce N to one of forms CD , (E2J is proved before the lemma. The argument 
in (a) above shows that these forms are not similar, hence, they are not iJ-unitarily similar. Thus, we must 
only prove the indecomposability of N. 

Show that the first canonical form is indecomposable. Assume the converse. Let some nondegenerate 
subspace V be invariant for N and 7VM. Then there exists a nonzero vector wi £ V : wi £ Sq. Therefore, 
3w 2 = av 3 + bvi + v £ V (v £ S 0 , |a| + |6| ^ 0). 

(N — XI)w 2 = azv i + b(re~ m ^ zv\ + e ln ^ 3 zv 2 ), 

(JVM-AJ)tu 2 = a(zui+re l7r/3 ^ 2 ) + 6e- i7r/3 5u 2 . 

Since min {dim V, dim VW} < 2, it can be assumed that dimV < 2. As the vectors rtq and u > 2 are linearly 
independent, we get dim V = 2. Therefore, the vectors (N — A I)w 2 and (N^ — A I)w 2 must be linearly 
dependent, i.e., the following condition must be satisfied: 


(a + 6re _i7r/3 ) (are i7r/3 + be~ in/3 ) = abe in/3 . 

Since dust breaks if either a or b is equal to zero, we can rewrite (tTUHl as follows: 

(“)2 re W 3 + (£)( e -i*/3 _ giTT/3 + r 2) + re -2»/3 = o 

Discriminant of m is equal to r 4 — 2r 2 — 3. Since r 2 > 3, it is nonnegative. Therefore, 


(103) 


(104) 


iV 3- 


r 2 ± \/r A — 2r 2 — 3 


r(l + z\/3) 


Consequently, If | 2 = \{r 2 — \^\/r A — 2 r 2 — 3), therefore, [w 2 , (N—XI)w 2 ] = z|6| 2 (|f | 2 + fre i,r / 3 + e - ” r / 3 ) = 
0. Thus, the subspace V is degenerate, i.e., the operator N is indecomposable. 

For the second matrix N we see that the vectors (AT — A I)w 2 and (AfW — AI)w 2 (w 2 = 0^3 + bv 4 + u, 
u £ So) can be linearly dependent only if a = b = 0. Therefore, N is also indecomposable. This concludes 
the proof of the lemma. 


5.3.2 n = 5 

The matrix N — XI has the form 





( 0 

0 

a 

c 

d \ 

( ° 

Ni 

n 2 \ 

0 

0 

b 

e 

/ 

N — XI = 0 

0 

N 3 = 

0 

0 

0 

9 

h 

V 0 

0 

0 J 

0 

0 

0 

0 

0 




l 0 

0 

0 

0 

0 / 


so that condition (| 971 ) of the fJ-normality of N amounts to the system 

\a\ = 

ab = 

\b\ = 


27 


\ 9 \ 

gh 

\h\- 










The latter means that g = az , h = bz (|z| = 1). Note that a and b are not equal to zero simultaneously 
because otherwise v 3 £ So, which is impossible. 

Take the transformation T = T\ © I © Tj*^ 1 , where 


Ti = ( l ) , at 22 ± bt 12 , 


and reduce N — XI to the form 


N — XI = 


( 0 0 1 
0 0 0 
0 0 0 
0 0 0 
\ 0 0 0 


a 

ef 

z 

0 

0 


d' \ 

S' 

0 
0 

0 ) 


\z\ = l. 


Now we fix the form of the submatrices Ni and N 3 so that the following transformations will change only 
the submatrix N 2 . At first, apply the transformation 


f I t 2 -±t 2 t 2 * \ 

r= 0 1 ~ t 2 , 

V 0 0 1 J 


where T 2 * = (0 d’), and reduce N 2 to the form 


N 2 


c" 0 \ 

e" f" J ■ 


(105) 


Now let us consider two cases: f" = 0 and j" 7 ^ 0. 
(a) f" = 0. Then e" 7 ^ 0 because otherwise v$ 


T n © I © T\ 


we get 


*-1 


where 


T, = 


N 2 = 


£ S 0 . Subjecting N — XI to the transformation T = 


1 

0 

0 

1 


(b) f" 7 ^ 0- Then one can assume that \f"\ = 1 (to this end it is sufficient to put v 2 = y/\f"\v 2 , 
V 5 = V 5 /yf\J 77 ]). Thus, /" = Z 1} \zi\ = 1. 

If z\ 7 ^ 2 , then N is decomposable. Indeed, applying 


where 


/ Xf — TiT 5 * -iTiT 5 *T 5 
T = 0 I T 5 

\ 0 0 T *” 1 


( 1 z x e"l{\-zz\) 

1 0 1 


T 5 = ( 0 z\e"j(1 - zzf) ) , 


(106) 


we reduce N 2 to the diagonal form N 2 = d" © Z\. Now the nondegenerate subspace V = span{v 2 ,v 3 } is 
invariant for N and N^*\ hence, N is decomposable. 

Let z\ = z. Note that if e" = 0, then N is decomposable (V = span{v 2 ,v 5 } is nondegenerate, NV C V, 
N^V C V). Thus, e" 7 ^ 0. Taking transformation (11061) with 


T\ = 


1 *zic 2 /|e" 

Q arg e" 


! T5 ~ ( ~ Z l{ C l + 1 


2 )/2 


). 
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where c" = lZe{c" z{\, c 2 = Xm{c"zi}, we reduce N 2 to the final form 


No = 


0 0 
r z i 


> 0 . 


Lemma 5.8 If an indecomposable H-normal operator N (N : C 5 —> C 5 ) has the only eigenvalue X, dimS 3 = 
2, then the pair {N,H} is unitarily similar to one and only one of canonical pairs { {HP-imp}, {{HP,®}: 


N = 


( A 0 1 0 0 \ 

0 A 0 1 0 

0 0 A z 0 

0 0 0 A 0 

\ 0 0 0 0 A J 


W = i, 


N = 



z |=1, r € 3? > 0, 


where z, r are H-unitary invariants. 

Proof: The possibility to reduce N to one of forms <EH> , is proved before the lemma. Hence, it is 
necessary to show that these forms are indecomposable, are not fL-unitarily similar to each other and their 
terms z, r are H -unitary invariants. These statements may be proved as follows. 

For the block triangular matrix 

’ Ti T 2 T 3 
0 T 4 t 5 
0 0 t 6 


T = 


(107) 


to satisfy condition 1361) NT — TN, where 


N - XI = 


0 IVi n 2 
0 0 n 3 
0 0 0 


N - XI = 



it is necessary and sufficient to have 

AdT 4 = M 
N\T 3 + N 2 T 6 = T\N 2 + t 2 n 3 
n 3 t 6 = t 4 n 3 . 

If H has form 1661) . then for ifTTTTIl to be H-unitary it is necessary and sufficient to have 

TiT 6 * = I 
TiT 5 * + T 2 T 4 * = 0 
TiT* + T 2 T* + T 3 T* = 0 
T 4 T 4 = I. 


(108) 

(109) 

( 110 ) 


( 111 ) 

( 112 ) 

(113) 

(114) 
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If an H -unitary transformation T reduces matrix (1251) (the second) to form (1241) (the first), then from 
Corollary of Proposition 1 it follows that T has block form (IToTI and, according to GU), 

r ‘ = ( ! S‘ £)• ( 115 > 

Apply condition (11091 . replacing T 6 by T* 1 11111) . T 2 by -TiT 5 *T 4 11121) . Then we get: z/t 2 2 = 0. This 
contradiction proves that the canonical forms are not U-unitarily similar. 


/ 

0 

0 

1 

0 

0 

\ 



( 

0 

0 

1 

0 

0 

\ 


0 

0 

0 

r 

z 





0 

0 

0 

r 

z 



0 

0 

0 

z 2 

0 


T = 

T 


0 

0 

0 

z 2 

0 



0 

0 

0 

0 

0 





0 

0 

0 

0 

0 


l 

0 

0 

0 

0 

A 

) 



\ 

0 

0 

0 

0 

A 

J 


|z| = \z\ = 1, r, f £ 5J > 0, then T has form 11071) . the submatrix Tf having form 11151) and tu = 633 . Since 
|^ 33 1 = 1 (condition 11141) 1. we can assume that tu = f 33 = 1. Replace T e by X )* -1 and apply 11101) : we have 
z 2 = z 2 . Now substitute T '* _1 for Tq and —TiT 5 * for T 2 in 11091) . We obtain 

^35 = Ztl 2 ( 116 ) 

r - zt^/t^ = rt 22 - z 2 t 22 W 5 (117) 

z/t\ 22 = zt 22 . ( 118 ) 

From 11181) it follows that \t 22 \ = 1, z = z. Hence, l/t 22 = t 22 , 635 = zt \ 2 and r = rt 22 . Therefore, r = r\t 22 \, 
i.e., f = r. Thus, the numbers z,r are H-unitary invariants of canonical form (J25l). That z is an H-unitary 
invariant of ifHll can be checked in the similar way. 

There remains to prove that matrices EH> and (l25l) are indecomposable. The proof is by reductio ad 
absurdum. Suppose some nondegenerate subspace V is invariant for N and (N has form 1241) 1. As 
min{dim V,dim yW} < 2, we can assume that dim V < 2. Since there exists a vector wi 7 ^ 0 £ So : 
w\ £ V, there exists also a vector w 2 = av 3 + bv 4 + cv 5 + v £ V (v £ So, | 6 | + |c| 7 ^ 0). As the vectors 
(N — XI)w 2 = av 1 + b(v 2 + zv 3 ) and (IVW — \I)w 2 = dzv \ + bv 3 + cv 1 must be linearly dependent, we 
obtain 6 = 0. But in this case the subspace V will be degenerate because [(N — \I)w 2 ,w 2 ] = 0. This 
contradiction proves the indecomposability of EH> - Now let us check the indecomposability of ESI- Suppose 
a nondegenerate subspace V is invariant both for N and 1VM. Then, as before, 3u>i 7 ! 0 £ So : wi £ V and 
3w 2 = av 3 + bv4 + cv5 +v £ V {v £ So, | 6 | + |c| 7 ^ 0). Therefore, the vectors (N — XI)w 2 — z 2 (A^[*l — \I)w 2 = 
brv 2 —crz 2 v\ and (N—XI)w 2 = avi+brv 2 +bz 2 V3+czv 2 have to be linearly dependent. Hence, 6 = 0 => c = 0. 
The contradiction obtained proves that E3 is also indecomposable. The proof of the lemma is completed. 


5.3.3 n = 6 

The matrix N — XI has the form 

/ 0 Ni N 2 \ 

N — XI = [ 0 0 2 V 3 I , where Ni = 

\ 0 0 0 J 

The submatrix N\ is not equal to zero because then condition 1971) of the H-normality of N implies IV 3 = 0 
so that V 3 ,V 4 £ So, which is impossible. Thus, we must consider two alternatives: rg N 1 = 2 and rg Ni = 1 . 

(a) rg Ni = 2. At first apply the transformation T = N 4 ® I ® A^* -1 ; it takes Ni to I. Since Ni has 
become equal to I, N 3 , according to EH). has become unitary. Recall that any unitary matrix is unitarily 
similar to some diagonal one with nonzero terms of modulus 1 ; moreover, this representation is unique to 
within order of diagonal terms. Thus, 3U (UU* = J) : N 3 = U*NsU, where 



N3 


z\ 0 
0 z 2 


\zi\ = \z 2 \ = 1, arg z\ < arg z 2 . 


(119) 
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If we subject N — XI to the transformation T = U ® U ® U , then N3 maps to rnm and N\ = I does not 
change. 

Note that if z\ 7^ z 2 , N is decomposable. To check this it is sufficient to reduce 


No = 


e / 
9 h 


to the diagonal form by means of transformation cm with the submatrix 


( 120 ) 


T 2 = 


0 

(7-22s0/(i - - 1 ^ 2 ) 


(9- Zlf)/{1- Z!Z 2 ) \ 

0 ) 


(this transformation does not change N\ and N3). Now the nondegenerate subspace V = span{v\, V3, V5} is 
invariant for N and 1 VM, hence, N is decomposable. 

Thus, for N to be indecomposable N3 must be equal to zl. Show that in case when 2 = — 1 N is also 
decomposable. Indeed, apply the transformation 

/ u -\n 2 u -\n 2 n%u 

T= 0 U \N%U 

\ 0 0 U 



where U is a unitary matrix reducing ^2 + ^2 to the diagonal form {U is known to exist). Then N 2 becomes 
diagonal; we already know that in this case N is decomposable. 

Thus, N = zl, z ^ — 1 . Now we will apply only transformations preserving the submatrices Ni and N3. 

First let us take cm with 

0 0 

7 0 


T 2 = 


and carry submatrix C 23 to the form 


Further, apply transformation cm with 


No = 


e' 0 
9’ h' 


To = 


tl3 0 
0 t 2 4 


where 7Ze{ti3 + zt 13} = IZe e', lZe{t- 2 4 + zto.4} = 7 Ze h' (since 2 7^ — 1 , these equations are solvable for any e' 
and h'). After this transformation 

ir\ 0 
9' ir 2 


No = 


One can assume that g' = r 3 £ > 0 . To this end it is sufficient to put v 2 = e lar " v 2 , V4, = e lar " U4, 

v 6 = e lar99 vq. Now apply the transformation 


Ti T\T 2 -iTiT 2 T 2 * 


T= I 0 T\ 

0 0 


-TiT 2 * 

T\ 


T\ = l/y/2 ^ 


1 


, where 


1 


T2 = \ 


~(z + \)/\z+\\ (z+l)/\z+l\ 

-r 3 /|2+l| 0 


2 \ ( ir 2 - in) - r 3 (z + l)/\z + 1| r 3 /\z + 1| 
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We get: 


No = 


ir\ 

9" 


> n = ^(n+n). 


As above, we can assume that g" G R> 0. For N to be indecomposable g" must be nonzero so that g" > 0. 
This is the final form of the matrix N — XI: 


( 0 0 1 0 in 


N — XI = 


0 0 0 1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
V o o o o 


Tl 

z 

0 

0 

0 


0 \ 

iri 
0 
2 

0 

0 ) 


\z\ = 1, z -1, 

n,r 2 G 3?, r 2 > 0. 


( 121 ) 


Let us show that z. r i, r 2 are U-unitary invariants. To this end suppose that an ff-unitary matrix T 
reduces (unu to the form 


N — XI — 



, N 2 = 

( in 

°- ) 

1 

V r 2 

in J 


1 , 5 ^ - 1 , 
ri,r 2 e 3?, r 2 > 0 . 


By Corollary of Proposition 1, T must have block triangular form dm therefore, systems dHt - (tTToll and 
(II 1 II - (11141 must hold. From (110811 . 11 1411 , and (11111 it follows that T\ = X 4 = Tq = Tg' 
it follows that z = z. Combining 111211 and 11001) . we get N 2 = T\N 2 T* + zT 2 T% + T{T 2 


* 1 . Now from 11101) 
If we denote 


T 2 = T 2 T* = 

and write out the general form for 2 x 2 unitary matrix 

gsi \/l - g 2 s ; 

-QSlS 2 S3 


Ti = 


y/l - Q 2 S 3 


ft +' 

l ll l Y 
+' t f 


, g <£ [ 0 , 1 ], | si | = |s 2 1 = | s 3 1 = 1 , 


( 122 ) 


then we obtain 


ir\ + q\J 1 - e 2 sis 2 r 2 + zt' n + t' u 
in — g\J 1 - p 2 srs 2 r^ + zt 22 + t' 22 . 


ir 1 = 

ir 1 = 

Summing these equalities, we get 

2iri — 2 iv\ -\- zt ^ H - H- zt ^2 H - ^22* 

It is easy to check that if lZe{zt + ?} = 0 (z ^ —1), then Xm{zt + t} = 0. In our case ^11 + 1'22 plays the 
role of t, therefore, we have zt\- l + t' u + zt 22 + t 22 = 0. Hence n = n. Let us check that from the obtained 
equality n = n it follows that r 2 = r 2 . Indeed, zN 2 — N 2 = T\{zN 2 — N 2 )T*. 

,WJ-JV 2 =( ,, 

\ -r2 -»ri(z + l) 

the determinant of zN 2 — N 2 , which does not change the similarity, is equal to —rf(z + l ) 2 + zr 2 , hence 
r 2 = r 2 2 . Since sign of r 2 coincides with that of n, r 2 = r 2 . The proof of the TL-unitary invariance of the 
numbers r i, r 2 is completed. 

(b) rg Ni = 1. Let us show that in this case N is decomposable. In fact, 


N, = 


ka kb 
la lb 


M + H ^ o, |fc| + 1 /| ^ o. 
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Taking T = T\ ® I © Tf 1 , where 


T, = 


we reduce N\ to the form 


t n k 

t21 l 


N, = 


j Itu 7^ kt2l , 


0 0 
a b 


Without loss of generality one can assume that a / 0 and, therefore, that a = 1 (this may be achieved by 
putting V2 = av 2 , Vq = Ve/a). If b 7 ^ 0, apply the transformation T\ ® T 4 ® T-j* - , where 


Ti = 


0 


0 l/yjbpn 


T4 = (1/VWTT \b\/vw±L 


b/VW +1 -e- iar s 6 /VI 6 l 2 + l 

to the matrix TV — A/ (we mean that a = 1). Then we obtain 


iVi = 


According to (EH, 


n 3 = 


0 Z\Cosa 

0 Z2sina 


0 0 
1 0 


\zi\ = |^ 2 1 = 1, 0 < a < 7 r/ 2 . 


Since V 4 GS 0 , sina 7 ^ 0. Therefore, we can apply the transformation T of form cm. where 

T 2 = 


9 if - Zigcosa)/ ( z 2 sina) 

0 0 

(N 2 has form 11201 )1 . Under the action of T the submatrices Ni and TV 3 do not change but the submatrix N 2 
becomes diagonal. Now the nondegenerate subspace V = span{v 1 , ^ 5 } is invariant for TV and TVM, hence, TV 
is decomposable. 

Lemma 5.9 If an indecomposable H-normal operator N (TV : C 6 —> C 6 ) has the only eigenvalue A, dimSo = 
2, then the pair {N,H} is unitarily similar to canonical pair { 


TV = 


( A 0 1 0 in 0 \ 

0 A 0 1 r 2 ir\ 

0 0 X 0 z 0 

0 0 0 X 0 z 

0 0 0 0 A 0 

\ 0 0 0 0 0 X J 


NI = 1 , z 7 ^ - 1 , 
n,r 2 £ B, r 2 > 0 , 


H = 



where z,ri,r 2 are H-unitary invariants. 


Proof: It is necessary to prove only the indecomposability of the canonical form because the rest was 
proved before the lemma. Suppose that a nondegenerate subspace V satisfies the conditions NV C V, 
TVHp c V. As above, we can assume that dimV < 3 (see the proofs of the previos lemmas). Since 3u>i ^ 0 € 
S 0 : wi e V, 3w 2 = av 5 +bve+v £ V (v € (So+S), |a|+| 6 | 7 ^ 0). The vectors (TV— XI)(N^—XI)w 2 = av\+bv 2 
and (TV - XI - z(N^ - XI))w 2 = airi(l + z)v\ — br 2 ZVi + bir i(l + z)v 2 + ar 2 i ’2 must be linearly dependent 
because otherwise Sq C V and dim V > 4. Therefore, —b 2 r 2 z = a 2 r 2 . Since 0 7 ^ —1, a = b = 0. This 
contradiction proves that TV is indecomposable. The proof of the lemma is completed. 
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5.3.4 n = 7 

The matrix N — XI has the form 


0 Ni N 2 
N - XI = \ 0 0 N 3 


where N\ = 


0 0 


0 


a b c 
d e f 


As in case when n = 6 , one can check that N± 7 ^ 0, therefore, we must consider the cases rg N\ = 1 and 
rg N± = 2. Show that the former alternative is also impossible. Indeed, if rg N\ = 1, then 


ka kb kc 
la lb Ic 


N\ = 

Applying the transformation T = Tf © I © T* _1 , where 

T-i = 

we reduce Ni to the form 


a\ + |b| + |c| 7 * 0 , |fc| + |/| 0 . 


*ii k 
*21 * 


**n 7 ^ kt 2 \, 


*Vi = 


0 0 0 

a b c 


Then from condition of the //-normality of N it follows that 

0 s 

N 3 = I 0 it 
0 w 

Since there exists a nontrivial solution {at}f of the system 

aa\ + ba 2 + ca 3 = 0 

sai + ua 2 + uia 3 = 0 , 

the nonzero vector v = a 3 v 3 + a 2 V 4 + a 3 v 3 belongs to So, which contradicts the condition 5ofl5 = { 0 }. 
Thus, rg N\ = 2. Then without loss of generality it can be assumed that 


det 


a b 
d e 


7^0. 


Take the block diagonal transformation T\ ® I ® T* 1 , where 

T-i = 

It reduces N 3 to the form 


a b 
d e 


^ = 


1 0 cJ 

0 1 f 


Further, apply the transformation Xi ® T 2 ® T* , where 

1 


Ti = (I /rApp ), t 2 = ( o l/y TTErF -f/ VT+m 
v V +1/1 y V o f/V 1 + I/I 2 Wi + l/'l 2 


Then we get 


Ni = 


0 10 
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Now take T = Ti ® T 2 ® T* 1 , where 


Ti = 


v/l+|c"| 2 6" 

0 1 


t 2 = 


and get the final form of the submatrix N\: 


l/VT+W 

o 


c"/Vl+ |c"| 2 


0 -c"/ v /l + |c"| 2 

1 0 

o l/yrrw 


iVr 


1 0 0 \ 

0 1 0 ) ■ 


Now consider the submatrix 



If v and w are both equal to zero, then V5 £ So- Therefore, we can assume that |u | 2 + |rc | 2 7 ^ 0 and can 
apply the transformation T = Tf ® Ti ® I ® Ti, where 


/ w/y/\v | 2 + \w\ 2 v/y/\v \ 2 + |u>| 2 \ 

V -u/y/|u | 2 + |w | 2 w/VI^I 2 + M 2 / ' 


Then 

/ s ' \ 7 _ 

N 3 = t' u' , w' = \/\v \ 2 + |u >| 2 > 0. 

\ 0 w' ) 

If s' 7^ 0, replace s' by |s'| by putting v\ = e largs 'vi , V3 = e tar9S 'v3, vq = e lar9S 've. If s' = 0 , then apply 
the transformation vi = e~ lar9t vi, €3 = e~ lar9t V 3 , vq = e~ lar9t vq and replace t' by \t'\. Now we can 
assume that s' £ 3? > 0 and if s' = 0 , then t' £ ili > 0 . 

Now let us apply condition <1571) of the H-normality of N. We obtain: 


N 3 


—Z\Z 2 Cosa sinacos/3 

Zisina z 2 cosacos/3 

0 sin/3 


|-i| = I- 2 I = 1, 0 < a,/3 < 7t/2, /3 7 ^ 0, z\ = 1 if sinacos(3 = 0, z 2 = 1 if a = 7 r/ 2 . Let us show that in case 
when a = 0 N is decomposable. Indeed, under the action of (ITTT51) . where 

0 p (h — pz2Cosacos/3) / sin/3 

0 0 0 



the submatrix 



h 

q 


becomes diagonal. The nondegenerate subspace V = span{v \, V 3 , ^ 6 } is now invariant for N and WM ) hence, 
N is decomposable. 

Thus, q / 0. Applying transformation cna with 




rp _ ( 0 tl4 t \3 \ 

2 \ 0 <24 ^25 ) ’ 

where 

tl4 

= g / (zisina) 


^15 

= (h — ti 4 ,Z 2 COsacosf 3 )/sinfl 


t 2 4 

= ip ~ tu) / (zisina) 


t 2 5 

= {q — t 2 i — t24,Z2Cosacos/3)/ sin/3, 
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we reduce N? to zero without changing N± and IV 3 . This is the final form of the matrix iV — XI: 



( 0 

0 

1 

0 

0 

0 

0 

\ 



0 

0 

0 

1 

0 

0 

0 




0 

0 

0 

0 

0 

—z\Z2,cosa 

sinacos /3 



N - XI = 

0 

0 

0 

0 

0 

Z\sina 

Z2Cosacos(3 


5 


0 

0 

0 

0 

0 

0 

sin /3 




0 

0 

0 

0 

0 

0 

0 




V 0 

0 

0 

0 

0 

0 

0 

) 


= \z 2 \ = 1, 0 < 

a, (3 

< 

tt/2, 

Zi 

= 1 if (3 = 7T 

/2, z 2 = 1 if a 

= 7t/2 


Show that Z\ , Z 2 , a , (3 are H -unitary invariants. Suppose an //-unitary matrix T reduces N — XI to the 
form 

/ 0 Ni 0 \ 

N - XI = I 0 0 AA 3 ) , where 

V 0 0 0 / 


/ 1 0 0 \ 


f -z 1 z 2 cosa 

sinacos /3 \ 

( 0 1 0 ) 

) ^ 3=1 

Zisina 

Z2Cosacos/3 


\ 

, 0 

sin /3 ) 


\z\\ = |^ 2 1 = 1, 0 < a< 7 r/ 2 , z\ = 1 if (3 = 7 t/ 2 , Z 2 = 1 if at = 7 t/ 2 . Therefore, T has block triangular 

form ITTTTTi and conditions (trust - im hold. Combining (trust , (trrut . and cm , we get: T 4 = T x © t 55 
( 1 * 55 1 = 1), Xi = T 6 = Tg* _1 . Now from 11101) it follows that T 4 = tu © £22 (|*n| = |*22 1 = 1), 

t22sinacos/3 = tusinacosp 
tuzisina = t 22 Z\sina 
t 2 2 sinfi = t 55 sin/3, 


hence tu = ^22 = *55 , hence IV 3 = JV 3 , i.e., a = a, /3 = /3, z\ = z\, Z2 = 22 - Thus, a, /3, 21 , 2:2 are iJ-unitary 
invariants. 


Lemma 5.10 If an indecomposable H-normal operator N (N : C 7 —> /ias </ie only eigenvalue A, 
dim Sq = 2, then the pair {N,H} is unitarily similar to canonical pair 1 i2!A)Ad(A) \ : 


M 


N = 


1*21 = 


/ A 0 1 0 0 0 0 \ 

0 A 0 1 0 0 0 

0 0 A 0 0 — zi~Z2Cosa sinacos (3 

0 0 0 A 0 z\sina Z2Cosacos/3 , 

0 0 0 0 A 0 sinf 3 

0 0 0 0 0 A 0 

\00000 0 A 

1 , 0 < a, (3 < 7t/2, zi = 1 if f 3 = 7r/2, Z2 = 1 if a 

( 0 0 I 2 \ 

H=\ 0 h 0 , 

\h 0 0 ) 


where zi, Z 2 , r, a, (3 are H-unitary invariants. 


tt/2. 


Proof: We have to prove only the indecomposability of the canonical form because the rest was proved 
above. The proof, as is customary, is by inductio ad absurdum. Suppose a nondegenerate subspace V is 
invariant for N and iVM; then we can assume (see the proofs of the previous lemmas) that dim V < 3 and 
3 w2 = ai’e + bv 7 + v £ V (v £ (So + S), \a\ + | 6 | ^ 0). Then some nontrivial linear combination of the vectors 
(IVW - A I)w 2 = av 3 + bv^ + v' ( v' £ So) and (N — XI)w 2 = a(—ZiZ 2 COsav 3 + zisinav 4 ) + b(sinacos(3v 3 + 
Z2Cosacos(3v4 L + sinflvo ) + v" (v" £ Sq) must belong to Sq. This implies b = 0 => a = 0. The contradiction 
obtained proves that N is indecomposable. The proof is completed. 
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5.3.5 n = 8 


In this case 


/ 0 Ni N 2 
N-XI= 0 0 N 3 
\ 0 0 0 


where Ad = 


a b c d \ 

e / g h J ' 


As in case when n = 7, one can check that for the condition S fl /So = {0} to hold the rank of Ad must be 
equal to 2. Without loss of generality it can be assumed that 


det (e /)^°' 


As before (in case when n = 7), taking the block diagonal transformation T = T\ © I © T)* 1 , where 


T\ = 


a 

e 


b 

f 


we reduce Ad to the form 


All 


1 0 d d! \ 

0 1 g' h' J ' 


The results for the previous case n = 7 let reduce the submatrix Ad to the form (J 0). Indeed, there 
exists a transformation 


T = T, © To © T * 



^ ^33 

^34 

^35 

0 \ 

1 , where T 2 = T 2 1 = 

^43 

^44 

^45 

0 


1 53 

^54 

^55 

0 


V 0 

0 

0 

1 / 


that reduces the submatrix Ad to the form 


Ad 


10 0 d' \ 
0 10 h' ) 


and there exists a transformation 


T = Ti © T 2 © T*~\ where T 2 = T 2 _1 


^ ^33 

^34 

0 

^36 \ 

1 43 

^44 

0 

^46 

0 

0 

1 

0 

v ^63 

^64 

0 

J 


that reduces the obtained submatrix Ad to the desired form 

1 0 0 0 \ 

0 1 0 0 ) ' 

Now consider the submatrix N 3 and its submatrices and A(": 



Ad 


^3 

IV" 


N' = 


P 

r 



u 

w 


Note that must be nondegenerate because otherwise the system 


ta i + va .2 = 0 

uai + wa.2 = 0 


(123) 
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has a nontrivial solution {a.i}f, hence, the nonzero vector v = aiv$ + a 2 vq belongs to So- 

Thus, IVg' is nondegenerate. Recall that any nondegenerate matrix is a product of some selfadjoint 
positive definite matrix and some unitary one. Consequently, N^' = RU , where R is selfadjoint positive 
definite and U is unitary. Let U\ be a unitary matrix reducing R to the real positive diagonal form. Taking 
T = U*U\ © U*U\ ® U\ ® U*Ui, we carry N 3 ' into the form 

ri 0 
0 r 2 


N'' = 


, r\ , r 2 £ 3?, 0 < ri < r 2 


without changing the submatrix N\. Now we have 


N, = 


^3 

NS 


/ 

p' 

q' 

\ 


r' 

s' 



n 

0 


l 

0 

r 2 

) 


Further, apply transformation (fTTTsl) with 


T 2 = 


0 m (k — r'm)/ri (Z — s'm)/r 2 


0 0 


0 


n/r 2 


and reduce the submatrix 


N 2 = 


k l 
m n 


to zero. Finally apply condition m of the FZ-normality of N. We get: r 2 < 1. Show that if r\ = r 2 , 
then N is decomposable. In fact, if ri = r 2 = 1, then from (FTTli it follows that = 0 , hence, the 
nondegenerate subspace V = span{v\, V 3 , V 5 , V 7 } is invariant for N and iVM, hence, N is decomposable. If 
r\ = r 2 < 1 , then the matrix -ZVg/^/l — rf is unitary, therefore, there exists a unitary matrix U that reduces 
iVg to the diagonal form. Then the transformation T = Z7©Z7®Z7®C7 does not change the submatrices 
N\ = (I 0), N 2 = 0, ZVg = r\I and reduces iVg to the diagonal form. Now it is seen that N is decomposable 
(V = span{v 1 , V 3 , U 5 , U 7 } is nondegenerate, NV C V, N^V C V). Thus, in either case N is decomposable. 

There remains to consider the case when t\ < r 2 . If q' ^ 0, let us replace q' by \q'\ by means of 
the transformation v{ = e lar9q v±, V3 = e lar 9 q 'v 3 , V 5 = e larqq V5, €7 = e lar9q V7. If q 1 = 0, let us put 

9r V 5 , V 7 = e~ largr V 7 . Then r' will be replaced by |r'|. Thus, 
£ 3? > 0 and if q' = 0, then r' £ 3? > 0. Applying (l*T7l) and renaming the terms of 


vi = e iargr vi, V3 = e 1 ar9 r V3, V5 = e 


one can assume that q' 

N 3 , we get 

’ n cosacos'y 
z 2 sinacosy 

0 

sin 7 J 

\zi\ = \z 2 \ = 1, 0 < (3 < 7 < tt/2, 0 < a < 7 r/ 2 , = 1 if cosacos'y = 0, z 2 = 1 if a = 0. We already know 

that if iVg is diagonal, N is decomposable. Therefore, a ^ n/2. As a result, we have: 


Ab = 


/ — ziZ2sinacos/3 
z\cosacos (3 
sin /3 

\ 0 


(124) 


N -XI = 


0 Ni 0 

00 n 3 

0 0 0 


Ab = 


10 0 0 
0 10 0 


(125) 


(126) 


A 3 has form (tin . 

|^i | = \z 2 \ = 1, 0 </ 3 < 7 < 7t/2, 0 < a < 7t/2, 
z\ = 1 if 7 = 7t/2, z 2 = 1 if a = 0. 

Check the FZ-unitary invariance of the numbers a , (3, 7 , z 1 , and z 2 . To this end suppose that an FZ-unitary 
matrix T reduces N — XI to the form N — XI, where N — XI has form m, ins. tm . 

0 ZVi 

N - XI = | 0 0 

0 0 
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Ni has form CZ3> , IV3 has form m , 


( —ZiZ 2 sinacos /3 cosacos'y \ 

yrr zicosacos/3 z^sinacosa 

1 V 3 = ~ , 

sinf3 0 

\ 0 sin'y ) 

Nil = N 2 I = 1, 0 < /3 < 7 < 7 t/ 2 , 0 < a < 7 t/ 2 , 
z\ = 1 */ 7 = 7t/2, £2 = 1 i/ d = 0. 

Then T has form 110711 and conditions m - hold. From rroa . dm . and mu it follows that 

T 4 = Ti ® T 4 , T 4 T 4 * = I, Ti = Tq = Tg -1 . From (II101 it follows that N$Ti = T'^N'f. Taking into account 
general form 11221 ) of a 2 x 2 unitary matrix, we can check that this equality implies T 4 = Ti = tu ® t 22 
(Nil| = |* 22 | = 1 ), /3 = /?, 7 = 7. Applying 11101 ) again, we get 


t22Cosacos 7 = tncosdcos 7 

fnZi cos a cos/3 = t 22 Zicosacos /3 , 

hence tu = t22, hence /V3 = /V 3 , i.e., ci = a, £1 = z\, £2 = -22- 

Lemma 5.11 If an indecomposable H-normal operator N (N : C 8 —> C 8 ) has the only eigenvalue X, 
dim Sq = 2, then the pair {N,H} is unitarily similar to canonical pair 1 1,711) . 1,7,21) 1 : 


N- XI = 


( 0 0 1 0 0 0 

0 0 0 1 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

\ 0 0 0 0 0 0 


0 

0 

—ZiZ2sinacosf3 
z\cosacos (3 
sin (3 

0 

0 

0 


0 
0 

cosacos^ 

Z2sinacos'y 

0 

sin 7 
0 
0 


\ 


Nil = N 2 I = 1 , 0 < a < 7 t/ 2 , 0 < (3 < 7 < 7 t/ 2 , 
z± = 1 if 7 = 7t/2, Z 2 = 0 if a = 0. 


H = 



where Z\,Z2, a , ( 3 ,7 are H-unitary invariants. 


Proof: We must prove only the indecomposability of the canonical form. Assume the converse. Then 
(see the proofs of the previous lemmas) we can assume that dim V > 4, W 2 = av-? + bvg + v £ V (v € (So + S ), 
|a| + N| / 0). The vectors (N — XI)(N M — XI)w 2 = av 1 + bv 2 , (3VM — XI ) 2 W 2 = a(—z\Z 2 sinacosf 3 v\ + 
cosacos r )V 2 ) + b(zfcosacos(3v\ + ~Z 2 sinacos'yv 2 ) and (N — XI) 2 W 2 = a(—ziZ 2 sinacos/ 3 vi + .sicosacos/^) + 
b(cosacosyvi + Z 2 sinacosyv 2 ) must be collinear because otherwise we get So C V, but since the condition 
NSi C (Si + So) does not hold, we obtain dim V > 4. Thus, let us write the conditions of the linear 
dependence (if a or b is equal to zero, the vectors are not collinear): 

_ _ b a _ 

— z\Z2sinacos(3 + z\cosacos( 3 — = cosacosq— + Z2sinacos r y 

a b 

_ b a 

—z\Z2sinacos[3 + cosacos'y— = Zicosacos( 3 — + Z2sinacos r y. 

a b 
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If we replace the last condition by its complex conjugate and subtract it from the first, we obtain: 


zicosacos/3 - cosacos r y( —) = cosacosj -— zicosacos(3 {=) 

a a b b 


or 


zicosacos/3 


\a \ 2 + \b \ 2 \a \ 2 + | 6| 2 


ab 


= cosacos'] -— 

ab 


Modulus of the left hand side must be equal to that of the right hand side, i.e., cosacos/3 = cosacos 7. Since 
cosa 7 ^ 0, cos/3 = cosj, hence, /3 = 7 . But for our canonical form (3 < 7 . This contradiction proves the 
indecomposability of the operator N. 

We have considered all alternatives for an indecomposable operator N and have obtained canonical forms 
for each case. Thus, we have proved Theorem 2. 


Appendix 

Canonical Forms for 2x2 Matrices under Congruence 

Proposition 5.12 Any invertible matrix A of order 2x2 is congruent to one and only one of the following 
canonical forms: 

d = ( q ge e ™/3 z Z ^ ’ \ z \ = !> 0 e ^ 0 < arg z < n if g > x/3, (127) 


A = 


z i 0 
0 Z2 


\zi\ = 1 , \z 2 \ = 1 , arg Z! < arg z 2 , 


where z, z\, z 2 , Q form a complete a minimal set of invariants. 


(128) 


Proof: Consider the matrix A! = AA* _1 . If A = TAT*, then A' = TA'T -1 so that spectral properties of 
A' do not change under congruence of A. Reduce A! to the Jordan normal form. Since | det A'\ = 1, there 
exist three such forms: 

A = ^ ^ ^ ^ x 2 , \xxx 2 \ = 1, \x\\ < 1, (129) 

A! = xl, |a:| = 1, (130) 


A '=(o l)- W = L 

(a) A' is reduced to form (II2911 . Since A = A'A*, we have 


(131) 


A' = 


/ a b > 

1 - 1 

’ ax i 

cx 1 \ 

led; 

1 ~ \ 

, bx 2 

dx 2 ) 


A'A*. 


(132) 


It is seen that either b = c = 0 or arg X\ = arg x 2 . 

If |xi| < 1, then from (11321) it follows that a = d = 0; since A is invertible, b and c are nonzero, therefore, 
arg x\ = arg x 2 . Now let us consider the function f{g) = i(l — g 2 — ( g 2 + l)(p 2 — 3)) of the real variable 

g. It monotonically decreases on the interval (a/3,+00), /(a/3) = —1, and lim^+oo f(g) = — oo, therefore, 
the equation f(g) = s has a root g > a/3 for all s < —1. Let g be a root of the equation f(g) = — |a; 2 1 and 
let e largX2 = —e^/^z 2 , where \z\ = 1, 0 < arg z < tt. Then aq = ^e ln ^ 3 z 2 ( 1 — g 2 + \J(g 2 + 1 ){g 2 — 3)), 
x 2 = \e™l 3 z 2 { 1 — g 2 — \J(g 2 + 1 ){g 2 — 3)), and from (11321 it follows that 

A = ( e™/ 3 z 2 f{g)b 0 ) ’ b * °' 
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Now the transformation 


T = 


e 2 ™ / 3 gf(g)/(e in/ 3 f{g) - 1 ) 


?(e-" /3 /(s)-i)/W(e) 2 -!)) 

-e m / 3 zg/{b{f(g ) 2 - 1 )) 


reduces A to form H271) with g > \/3- The numbers g and z cannot be changed under congruence because 
the eigenvalues of A' are invariants and from the condition e lw ^ 3 z 2 f(g) = e l7T ^ 3 z 2 f(g) {\z\ = \z\ = 1, 
0 < arg z, arg z < 7 r, g, g £ 5ft > y/S) it follows that z = z, g = g. 

If |xi| = 1, then from the condition x\ / Xi it follows that arg X\ / arg X 2 , hence b = c = 0. By taking 
T = Z ?2 one can interchange the terms a and d of the matrix A. Hence, we can assume that arg a < arg d. 
Applying the transformation 

T= (l/y/W\ 0 \ 

l 0 l/y/\d\ ) ’ 

we reduce A to form 11281) with zi = e‘ ar9 a , Zi = e lar9d . 

To prove the invariance of z\ and Z 2 suppose that A = TAT*, where A 
|~i| = | Z 2 1 = \z[\ = |^ 2 1 = 1, arg z\ < arg Z 2 , arg z\ < arg £2 . Then 


= Z\ ® Z2, A = Zi 


^i|in| 2 + ~21 ^ 12 1 2 
Zltut21 + 22^12^22 
Zltut21 + Z2tl2t22 


Zl\t‘ 


21 


■ z 2 \t: 


22 = 


Zl 

0 

0 

Z2■ 


Z2, 

(133) 

(134) 

(135) 

(136) 

Since tut2i = —ZiZ2ti2t22 (condiiton 113411 b 11351 ) holds only if (z 2 — z 2 )t\2t22 = 0. If z\ / z 2 , then t\2 must 
be zero because if t22 = 0, then tu = 0 and, therefore, z\ = Z2, £2 = z\, which contradicts the condition 
arg z\ < arg £ 2 . Thus, £12 = 0, hence, £21 = 0, z[ = zi, £2 = Z 2 - If Z\ = 22, then, according to IT33I) - IT3BI . 
zi = 2i(|£n| 2 + |£i 2 | 2 ), z 2 = 2Ti(1*21 1 2 + |*22 1 2 ), hence £[= £2 = Zi = z 2 - If Z2 = —z\ and £^£22 / 0, then 
£11*21 / 0 and zi = 2i(|£n| 2 - |*i2| 2 )- Since |* 2 i|/|*22| = |*12|/|*n|, z 2 = ^i(|*2ij 2 - |*22 1 2 ) = —1*22| 2 /|*n| 2 - 
As arg £{ < arg £2, we get z\ = z\, £2 = Z2■ The case when Z2 = —z\ and 1^22 = 0 can be considered as 
before. Thus, we have proved the invariance of the numbers Z\ and Z2■ 

(b) A! is reduced to form 11301) . Then A = xA*, |a;| = 1, this property being invariant with respect to 
congruence. Since A is invertible, A = RU, where R is selfadjoint positive definite matrix and U is unitary. 
Let T be a unitary matrix reducing U to the diagonal form A. After the application of T we have: A = RA, 
where R = TRT* is also selfadjoint positive definite. Now let T be a lowertriangular matrix such that 
TRT* = I. Then we reduce A to the uppertriangular form T*~ l AT*. Since the term c of A is now equal to 
zero, from the condition A = xA* it follows that b is also equal to zero, i.e., A is diagonal. We already know 
that a diagonal matrix is congruent to 11281) (see case (a) above). Thus, A can be reduced to form 11281) . 

(c) A! is reduced to form m- Let x = — e l 7 r / 3 z 2 (|z| = 1). Then the application of the condition 
A = A'A* yields: 

a b 


A = 


—e 


K / 3 z 2 b 0 


b = a + e~™ / 3 z 2 


a. 


For A to be invertible b must be nonzero. Since | 6 | = | a + e 

°”/ 3 a3} |, we see thatlm{e 


z a = az 


rr/3' 


az\ = \az 


_ p —2i*n/3j 


\e in / 3 az—e~ in / 3 az\ = 2 \Im{e i ‘ 
Applying the transformation 


! 3 az} / 0. Let us chose z so that Im{e™/ 3 az} > 0. 


T = 


J/3_ 

v/R 3 


\b\ 


| izlm{az}\b\/b 


e m t 3 zb z 2 {—iiTm{az} + az) 


we reduce A to form Cdt with g = y/3. It is clear that matrix lfl28l) with g = y/3 is not comgruent to that 
with g > 3 because in the former case A! has the diagonal Jordan normal form in contrast to the latter. 
Therefore, we must prove only the invariance of z. Note that if A = TAT*, where 


A = 


z y/3 e~™! 3 z 

0 


e i7r/3 z 


A = 


z y/3 e~™/ 3 z 

0 


e in/3 z 


\z\ = \z\ = 1 , 
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then z 2 = z 2 because the eigenvalue x = —e m ! 3 z 2 of A' does not change under congruence of A. Therefore, 


A' = 


1 - 3e i7r / 3 V3 
y/3 e 2 ™/ 3 


= A'. 


For T to satisfy the condition A'T = TA' the matrix T must has the form 


T = 


til t\2 
1 12 til + *tl2 


Now from the condition A = TAT* it follows that 


z\tn\ 2 + V3e I 7 r/ 3 2tnti2 + e J 7 r/ 3 z|ti 2 | 2 
2tnti2 + y/3e l7r ^ 3 2|ti2| 2 + e in ^ 3 z(tnti2 + *|ti2| 2 ) 

If ti 2 7 ^ o, from 113811 it follows that 


z 

0 . 


(137) 

(138) 


e“ i7r/6 = + v / 3e _i7r/2 + e i7r/6 — + e 2i7r/3 = 0, 
tl2 tl2 

which is impossible because the imaginary part of the left hand side is equal to Im{v / 3e -i71 ’/ 2 + e 2l7r / 3 } = 
— \/ 3 / 2 . Therefore, t \2 = 0, hence (condition 113711 1 5 = 2 , i.e., z is an invariant. This concludes the proof 
of the proposition. 
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